
A Probabilistic Perspective on Risk-sensitive Reinforcement Learning

Erfaun Noorani and John S. Baras

Abstract— Robustness is a key enabler of real-world applica-
tions of Reinforcement Learning (RL). The robustness properties
of risk-sensitive controllers have long been established. We inves-
tigate risk-sensitive Reinforcement Learning (as a generalization
of risk-sensitive stochastic control), by theoretically analyzing
the risk-sensitive exponential (exponential of the total reward)
criteria, and the benefits and improvements the introduction
of risk-sensitivity brings to conventional RL. We provide a
probabilistic interpretation of (I) the risk-sensitive exponential,
(II) the risk-neutral expected cumulative reward, and (III)
the maximum entropy Reinforcement Learning objectives, and
explore their connections from a probabilistic perspective. Using
Probabilistic Graphical Models (PGM), we establish that in
the RL setting, maximization of the risk-sensitive exponential
criteria is equivalent to maximizing the probability of taking
an optimal action at all time-steps during an episode. We show
that the maximization of the standard risk-neutral expected
cumulative return is equivalent to maximizing a lower bound,
particularly the Evidence lower Bound, on the probability of
taking an optimal action at all time-steps during an episode.
Furthermore, we show that the maximization of the maximum-
entropy Reinforcement Learning objective is equivalent to
maximizing a lower bound on the probability of taking an
optimal action at all time-steps during an episode, where the
lower bound corresponding to the maximum entropy objective
is tighter and smoother than the lower bound corresponding to
the expected cumulative return objective. These equivalences
establish the benefits of risk-sensitive exponential objective and
shed lights on previously postulated regularized objectives, such
as maximum entropy. The utilization of a PGM model, coupled
with exponential criteria, offers a number of advantages (e.g.
facilitate theoretical analysis and derivation of bounds).

I. INTRODUCTION

Reinforcement Learning (RL) studies a sequential decision
problem under uncertainty in which an agent interacts with
an unknown stochastic environment by choosing actions
sequentially, based on its observations up the decision time,
so as to optimize some desired system performance measure
[1]. In classical Reinforcement Learning, the objective is
to optimize expectation of some long run objective, such
as discounted or undiscounted cumulative reward, that is to
say, classical RL algorithms optimize a risk-neutral objective.
Classical RL has been investigated for many years and is
now well understood from the perspective of optimization and
control. It has several weaknesses, with the most well-known
ones being sensitivity to initial conditions, often unstable
behavior, and non-robustness.
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To mitigate some of these shortcomings, regularized per-
formance measures, such as maximum entropy RL objective,
have been postulated which augment the classical risk-neutral
objective with a regularization term; an entropy term in the
case of maximum entropy objective [2]–[5]. For example, Soft
Q-learning [4] and Soft Actor-critic (SAC) [5] algorithms use
the Maximum Entropy regularized objective as the desired
system performance measure. The policies learned by the
maximum entropy objective have been seen to have typically
better exploration and generalization characteristics, prevent
premature convergence to sub-optimal policies, and lead to
more robust policies. The motivation for Maximum Entropy
RL has been an open question and been investigated in
the literature from different perspectives, see [6] and the
references therein.

The risk-neutral classical RL objectives are stemmed from
the axioms of utility theory [7]. However, Prospect theory [8]
has long established that humans do not decide only based
on maximizing the expected value of some utility function,
but rather they also consider the risk of their decisions. Thus
giving rise to risk-sensitive (risk-aware) objectives. Small,
albeit growing, number of results have been investigating
risk-sensitive Reinforcement Learning, which incorporates
some notion of risk, e.g. higher moments of return beyond
expectation, into the desired system performance measure
to be optimized [9]–[13]. A particular choice of such risk-
sensitive objective is exponential criteria which have a long
history in risk-sensitive control [14]–[16]. These criteria are
of importance due to the known solution structure of risk-
sensitive stochastic control and its equivalence to robust output
feedback control and a dynamic game formulation of robust
output feedback control which established the robustness
properties of the risk-sensitive exponential criteria [17]–[21].

Conventionally, the RL problem is modeled as a Markov
Decision Process (MDP) [22], where the reward signal,
defining the task at hand, is an extrinsic signal. Probabilistic
Graphical Model (PGM) [23], [24] offers an alternative
modeling framework with a rich set of tools for inference
for RL problems. RL has been previously formulated as
a probabilistic inference problem on graphs using PGM,
see a recent tutorial on this subject in [25]. In modeling
Reinforcement Learning problems using PGM, the reward
signal induces a distribution over random variables and is
intrinsic to the model. While the MDP framework provides
a powerful framework for modeling uncertainty, PGM pro-
vides a probabilistic perspective that may lead to a better
understanding of the problem and ultimately more effective
algorithms.

In this work, we investigate risk-sensitive reinforcement
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learning (as a generalization of risk-sensitive stochastic
control), and theoretically analyze the risk-sensitive RL.
We present an interpretation of risk-sensitive Reinforcement
Learning with exponential criteria by embedding it into a
graph using a Probabilistic Graphical Model framework. We
show that, for an RL problem with negative (resp. positive)
reward structure, i.e. bounded reward, the maximization of the
exponential criteria with positive (resp. negative) risk param-
eter is equivalent to maximizing the probability of taking an
optimal action at all time-steps during an episode. We then
explore the connection between risk-sensitive exponential
criteria and the risk-neutral expected cumulative reward
objective and show that optimizing the expected cumulative
reward is equivalent to maximization of the Evidence Lower
Bound on the probability of taking an optimal action at all
time-steps during an episode. Furthermore, we show that the
maximization of the maximum entropy objective is equivalent
to the maximization of a lower bound on the probability of
taking an optimal action at all time-steps during an episode,
which is tighter and smoother than the Evidence lower Bound
corresponding to expected cumulative return. That is to
say, the maximization of expected cumulative reward and
maximum entropy objectives can be interpreted as attempts
towards approximately maximizing the probability of taking
an optimal action at all time-steps during an episode. There is
a general agreement that RL, and in particular risk-sensitive
and robust RL, needs theoretical and mathematical proofs
as foundations. The novelty and emphasis of the paper is a
theoretical formulation and analysis of risk-sensitive RL, the
benefits and improvements the introduction of risk-sensitivity
brings to conventional RL, and its relation to other RL
objectives. Probabilistic Graphical Model has been employed
to illustrate the advantage of the risk-sensitive criteria and
establish the relation between the risk-sensitive, regularized,
and risk-neutral RL from a probabilistic point of view, and not
to develop algorithms based on such models. The utilization
of a PGM model together with exponential criteria offers a
number of advantages (e.g. facilitate theoretical analysis and
derivation of bounds).

II. PRELIMINARIES

A. RL and Markov Decision Processes

Reinforcement Learning problem is conventionally mod-
eled as a Markov Decision Process (MDP) [22]. An MDP
is a tuple M=(S ,A , p1,P,r), where S is the state space
and A is the action space, which in general may each be
discrete or continuous; p1 is the initial state distribution;
P : S × A → ∆(S ) is the transition kernel , which is
in general unknown, where ∆(S ) denotes the space of
probability distributions on S . The function r : S ×A →R
is the reward function, defining a task. In such environment,
the behavior of an RL-agent is characterized by its policy. A
(randomized) policy π(·|s) is a probability distribution over
action space given state, which prescribes the probability of
taking an action a ∈ A when in state s ∈ S .

At each time-step t, when in state st , the RL-agent executes
an action at according to a differentiable parametrized policy

(possibly a Neural Network) π(·|st ;θ) where θ ∈ Rd is a
vector of d parameters. Upon the execution of the action,
the system transitions to a successor state st+1 according to
transition probability p(st+1|st ,at), and the agent receives a
reward rt := r(st ,at).

A trajectory τ is a sequence of states and actions

τ = (s1,a1,s2,a2, · · · ,s|τ|−1,a|τ|−1,s|τ|).

The agents’ policy and the system transition probabilities
induce a trajectory distribution, a probability distribution over
the sequence of states and actions, i.e. space of possible
trajectories. The probability distribution induced over the
space of trajectories by following the policy parameterized
by θ is denoted by ρθ (τ) and is given by

ρθ (τ) = p1

T

∏
t=1

π(at |st ;θ)p(st+1|st ,at) (1)

In the setting of finite-horizon RL, the agent aims to
find a policy, so as to maximize the system performance
measure over a given horizon denoted by T . Particularly, we
consider the risk-neutral objective of expected cumulative
return, the Maximum Entropy objective, and the risk-sensitive
exponential (exponential of total reward) criteria.

In classical RL, the desired performance measure of the
system is usually a risk-neutral objective, i.e., expectation
of some long-run objective. A common example of a risk-
neutral objective in RL literature is expected (undiscounted)
cumulative reward, i.e.

J(θ) := Eτ∼ρθ

[
R(τ)

]
(2)

where the expectation is taken under policy’s trajectory
distribution (parameterized by θ ), i.e., s1 ∼ p1, at ∼ π(·|st ;θ)
and st+1 ∼ p(·|st ,at); R(τ) := ∑

T
t=1 rt is the (undiscounted)

sum of all rewards during an episode.
If needed, a discount factor can be incorporated into the

model by modifying the transition dynamics, so that at each
time-step, the system transitions to a terminal absorbing state
with probability 1−γ and follows the original dynamics with
probability γ .

Maximum Entropy is another popular RL objective, which
augments the risk-neutral RL objective with an entropy
regularization, i.e.,

Jent(θ) := Eτ∼ρθ

[
R(τ)

]
+λE s1∼p1

st∼p(·|st−1,at−1)

[ T

∑
t=1

H π(at |st)
]

(3)

where H π(at |st)=−Eat∼π(·|st ;θ)

[
logπ(at |st ;θ)

]
is the en-

tropy of policy π in state st , and the regularization weight
λ is a real value non-negative constant. The weight λ is
a design parameter that controls the level of regularization.
The second term is the expected sum of entropy along the
system trajectory. Maximum-entropy RL objective helps with
exploration, prevents pre-mature convergence to sub-optimal
policies, and provides better generalization, which leads to
more robust policies.

In risk-sensitive RL, some notion of risk, e.g., higher mo-
ments of return, has been incorporated into the desired system
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performance measure. Exponential criteria is a particular
example of such a risk-sensitive objective, i.e.,

Jβ (θ) := Eτ∼ρθ

[
β exp{βR(τ)}

]
(4)

where β ∈R is a constant design parameter. Note that the ex-
ponential criteria approaches the risk-neutral objective as the
risk parameter β approaches zero, i.e., limβ→0 Jβ (θ)=J(θ).

The exponential criteria is well-studied in the context of
risk-sensitive control [14]–[16]. Mathematical tractability of
the exponential criteria, coupled with its intuitive appeal,
makes it an attractive choice of performance measure.

B. RL and Probabilistic Graphical Models

It has been shown that Reinforcement Learning problem
can be modeled as a Probabilistic Graphical Model (PGM)
with factors of the form p(st+1|st ,at) by modeling relationship
between state st , action at and successor-state st+1, and
introduction of a fictitious binary optimality variable denoted
by ot at each time-step to incorporate the notion of reward
into the graphical model, see figure 1 [25]. By conditioning
on the optimality variables being true, one can infer the most
probable policy.

The optimality variable is equal to one, ot=1, if time-step
t is optimal and equal to zero, ot=0, if time-step t is not
optimal (hence the name optimality variable). For brevity, we
use ot and o′t to denote ot=1 and ot=0, respectively. We also
use O1:T to denote the event that the optimal action was taken
at each time-step during an episode, i.e., O1:T=(o1,· · · ,oT ).
The choice of the probability distribution of the optimality
variable conditioned on the state-action pair p(ot |at ,st) =
p(ot = 1|at ,st) defines the meaning of optimality and hence
the task in hand.

Fig. 1. Reinforcement Learning as a Graphical Model

The joint probability of observing trajectory τ and being
optimal at all time-steps is given by

p(O1:T ,τ) = p1

T

∏
t=1

p(at |st)p(st+1|st ,at)p(ot |at ,st) (5)

where the action prior is denoted by p(at |st). We assume
that the action prior p(at |st) is a constant corresponding to a
uniform distribution over the actions space. This assumption
does not introduce any loss of generality, because any
non-uniform prior p(at |st) can be incorporated instead into
p(ot |st ,at) via the reward function as we shall see.

III. A PROBABILISTIC INTERPRETATION OF
REINFORCEMENT LEARNING OBJECTIVES

In this section, we analyze the risk-sensitive exponential
criteria and the benefits it brings to RL algorithms by
offering a probabilistic interpretation of maximization of
the exponential criteria (cf. Eq. (4)), the cumulative expected
reward (cf. Eq. (2)), and the maximum entropy (3)) objectives
and exploring the connection between them from a proba-
bilistic perspective. In subsection III-A, we establish that
the maximization of the risk-sensitive exponential criteria
is equivalent to maximizing the probability of taking an
optimal action at all time-steps during an episode. In sub-
section III-B, we show that the maximization of expected
cumulative reward objective is equivalent to maximizing a
lower bound on the probability of being optimal at all time-
steps during an episode, that is to say, RL algorithms that
optimize the expected cumulative reward objective attempt to
approximately maximize the probability of being optimal at
all time-steps during an episode. Subsection III-C provides
an interpretation of maximum entropy RL and discusses the
connections to exponential and risk-neutral objectives.

To that end, we first state our assumptions. We assume that
the rewards are always negative. Note that the assumption of a
negative reward structure is not a restrictive assumption. If the
reward is bounded, i.e., r:S×A →[rmin,rmax], we can always
satisfy this assumption by construction of an equivalent reward
via subtracting the maximum reward. In other words, all
results in this paper are invariant to subtraction of a constant
from the reward function.

A. Risk-sensitive RL with Exponential Criteria

In this subsection, we aim to provide a probabilistic
interpretation of the Risk-sensitive RL with exponential
criteria (cf. Eq. 4) by casting the risk-sensitive RL problem
into a graphical model.

We formally state our results in the following theorem,
state a remark about the theorem, and end this section with
the proof of our theorem.

Theorem 1: Under the assumption of negative reward
structure, the maximization of the risk-sensitive exponential
criteria of Eq. (4) with a positive risk parameter β ,i.e.,
Jβ (θ)=Eτ∼ρθ

[
β exp{βR(τ)}

]
, is equivalent to maximization

of the probability of being optimal at all time-steps during
an episode p(O1:T )=p(o1=1,· · · ,oT=1) for the choice of
p(ot |st ,at)=π(at |st ;θ)eβ rt with the positive temperature pa-
rameter 1/β , that is to say,

argmax
θ

Jβ (θ) = argmax
θ

p(O1:T )

Note that analogues results hold for positive reward structure
and negative β parameter.

Remark 1: Theorem 1 provides a probabilistic view of
Risk-sensitive RL with exponential criteria and justifies the
choice of these criteria as a reasonable objective for an RL
agent.

Proof: [Proof of Theorem 1] From the premise
of the theorem, we have p(ot |st ,at)=π(at |st ;θ)eβ rt
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where β is a positive constant. Also, recall that
p(O1:T ,τ)=p1 ∏

T
t=1 p(at |st)p(st+1|st ,at)p(ot |st ,at) (cf.

Eq. (5)), and ρθ (τ)=p1 ∏
T
t=1 π(at |st ;θ)p(st+1|st ,at) (cf.

Eq. (1)). Thus, using the property of exponentials, we have

p(O1:T ,τ) = p1

T

∏
t=1

p(at |st)p(st+1|st ,at)p(ot |at ,st) (6)

∝ ρθ (τ)eβR(τ). (7)

where R(τ)=∑
T
t=1 rt . The proportionality follows from the

fact that the action prior p(at |st) is a uniform distribution
over the action space and is a constant for any state-action
pair. By taking the integral (sum) of the joint probability
p(τ,O1:T ) with respect to all possible trajectories, we have

p(O1:T ) =
∫

τ

p(τ,O1:T )dτ

∝

∫
τ

ρθ (τ)eβR(τ)dτ ∝ Eτ∼ρθ

[
βeβR(τ)

]
The first equality follows from the definition of marginal
distribution, that is, for any two random variables X and
Y , p(X)=

∫
Y p(X ,Y )dy. The proportionality in the second

line is a straightforward use of Eq. (6) and noting that the
proportionality constant is the same for any trajectory τ . The
last proportionality follows immediately from the definition
of expectation and the positivity of parameter β . Thus, the
equivalence is established.

B. Risk-neutral Expected Cumulative Reward Objective

In this subsection, we show that the maximization of
expected cumulative reward is equivalent to maximizing a
lower bound on the probability of being optimal at all time-
steps during an episode. To that end, we first state three
lemmas that we will use to establish our results. Lemmas
1 and 2 give the Evidence Lower Bound for p(O1:T ), and
multiple approaches to prove them have been suggested in the
literature. For the convenience of reader and completeness, we
include one approach for showing the bound here [26]. The
proof for lemma 3 is of our own. Then, we formally state our
results in Theorem 2 with the proof immediately following
the theorem. We end this section with a brief discussion.

Lemma 1: The following equality holds:

log p(O1:T ) = Eτ∼ρθ

[
log p(O1:T |τ)

]
+D

(
ρθ (τ)∥p(τ|O1:T )

)
where D(Q,P) is the KL-divergence between the probability
distributions Q and P.

Proof: [Proof of Lemma 1]

D(ρθ (τ)∥p(τ|O1:T )) = Eτ∼ρθ

[
log

ρθ (τ)

p(τ|O1:T )

]
=−Eτ∼ρθ

[
log

p(τ|O1:T )

ρθ (τ)

]
=−Eτ∼ρθ

[
log

p(τ,O1:T )

ρθ (τ)
− log p(O1:T )

]
=−Eτ∼ρθ

[
log

p(τ,O1:T )

ρθ (τ)

]
+ log p(O1:T )

=−Eτ∼ρθ

[
log p(O1:T |τ)

]
+ log p(O1:T )

The first line follows from the definition of Kullback-Leibler
divergence. The second and third lines follow form properties
of logarithm, and the forth line follows straightforward from
the fact that p(O1:T ) is a constant with respect to τ . The last
line follows from definition of conditional probability. Thus,
by rearranging the terms, one can obtain the equality.

Lemma 2: The following lower bound holds on the
probability of taking an optimal action at all time-steps during
an episode p(O1:T ):

log p(O1:T )≥ Eτ∼ρθ

[
log p(O1:T |τ)

]
Proof: [Proof of Lemma 2]It follows straightforward

from lemma 1 and non-negativity of KL-divergence.
The lower bound presented in lemma 2 is the Evidence

Lower Bound on the probability of taking an optimal action
at all time-steps during an episode, i.e.,

L = Eτ∼ρθ

[
log p(O1:T |τ)

]
(8)

Lemma 3: The Evidence Lower bound can be expressed
as:

L = βEτ∼ρθ

[
R(τ)

]
+

T

∑
t=1

log p(at |st) (9)

Proof: [Proof of lemma 3] It follows straightforward
from lemma 2 that the Evidence lower bound is

L = Eτ∼ρθ

[
log p(O1:T ,τ)

]
−Eτ∼ρθ

[
logρθ (τ)

]
= Eτ∼ρθ

[
βR(τ)

]
+Eτ∼ρθ

[ T

∑
t=1

log p(at |st)
]

= βEτ∼ρθ

[
R(τ)

]
+

T

∑
t=1

log p(at |st)

The first line follows from definition of conditional probability.
The second line is obtained by substituting Eq’s (1) and (5),
substituting of p(ot |st ,at)=π(at |st ;θ)eβ rt in Eq. (5), and then
using the sum property of logarithm.

Now, we are ready to state and proof our theorem.
Theorem 2: The maximization of expected cumulative

reward objective, i.e.,

J(θ) := Eτ∼ρθ

[
R(τ)

]
is equivalent to maximization of the Evidence Lower Bound
on the probability of being optimal at all time-steps during
an episode, i.e., L=Eτ∼ρθ

[
log p(O1:T |τ)

]
.

Proof: It follows straightforward from lemmas 2 and 3
and positivity of β that

L ∝ Eτ∼ρθ

[
R(τ)

]
+(1/β )

T

∑
t=1

log p(at |st) (10)

By noting that the action prior p(at |st) is a uniform distri-
bution over action space, and consequently, ∑

T
t=1 p(at |st) is

a constant and does not depend on θ , we can see that the
optimization of the Evidence Lower Bound is equivalent to
maximizing the expected cumulative reward.

Theorem 2 can be interpreted to state that the expected
cumulative reward objective attempts to approximately opti-
mize the probability of being optimal at all time steps during
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an episode by maximizing a lower bound, particularly the
Evidence Lower Bound, on the probability of being optimal
at all time steps during an episode.

Theorems 1 and 2 show that the optimization of the risk-
sensitive exponential criteria is equivalent to maximizing the
joint probability of taking and optimal action at all time-steps
during an episode, resulting in a risk-seeking behavior, while
the expected cumulative reward is an attempt to approximately
solve this optimization by optimizing a lower bound on the
probability of taking an optimal action at all time-steps.

C. Maximum Entropy Objective

We explore the connections of the maximum entropy
objective with exponential criteria and expected cumulative
return objective, and offer a mathematical and intuitive
explanation for the maximum entropy objective, which
justifies why maximum entropy objective results in more
robust and improved policies. In particular, we show that
the maximization of maximum entropy objective is an
attempt to approximately solve a multi-objective optimization
using scalarization method, which in turn is equivalent to
maximization of a tighter and smoother lower bound on the
probability of taking an optimal action at all time-steps during
an episode than the Evidence Lower Bound corresponding
to the maximization of the risk-neutral objective.

To that end, we first prove a lemma that in conjunction
with our previous lemmas and theorems will help to estab-
lish the maximum entropy’s connection to exponential and
expected cumulative return objectives. We end this section
by summarizing the connection between these objectives.

Lemma 4: The KL-divergence term in lemma 1 can be
expressed in terms of the policy’s entropy as follows

KL = D
(

ρθ (τ)∥p(τ|O1:T )
)

=−Est+1∼p(st+1|st ,at )

[ T

∑
t=1

H π(·|st)
]
−

T

∑
t=1

log p(at |st)

Proof: [proof of Lemma 4]

KL = D
(

ρθ (τ)∥p(τ|O1:T )
)

= Eτ∼ρθ

[
log

ρθ (τ)

p(τ|O1:T )

]
= Eτ∼ρθ

[
log

ρθ (τ)p(O1:T )

p(O1:T ,τ)

]
= Eτ∼ρθ

[
log

∏t π(at |st ;θ)

∏t p(at |st)

]
=

T

∑
t=1

Eτ∼ρθ

[
logπ(at |st ;θ)

]
−

T

∑
t=1

log p(at |st)

The first line follows from the definition of Kull-
back–Leibler (KL) divergence. The second line follows
for the fact that for any two random variables X and Y ,
p(X |Y )=p(X ,Y )p(X)/p(Y ). The third equality follows from
substituting ρθ (τ) and p(O1:T ,τ) using Eq’s (1) and (5), and
noting that the p(O1:T ) = ∏

T
t=1 p(ot |at ,st).

By noting that Eτ∼ρθ
[·] is an equivalent notation for

Est∼p(st+1|st ;at )Eat∼π(at |st ;θ)[·], we have

KL =
T

∑
t=1

Est∼p(st+1|st ;at )

[
Eat∼π(at |st ;θ)

[
logπ(at |st ;θ)

]]
−

T

∑
t=1

log p(at |st)

=−Est∼p(st+1|st ;at )

[ T

∑
t=1

H π(·|st)
]
−

T

∑
t=1

log p(at |st)

where H π(·|st)=−Eat∼π(at |st ;θ)

[
logπ(at |st ;θ)

]
is the defi-

nition of shannon entropy.
Now, we are ready to explore the maximum entropy

connections to the exponential and expected cumulative return
objectives. Using lemma 1, we can see that the gap between
the logarithm of probability of taking an optimal action
at all time steps during an episode log p(O1:T ), which is
the objective that the exponential criteria optimize, and the
Evidence lower bound L (cf. Eq. (8)), which is the objective
that expected cumulative return optimizes, is

G = D
(

ρθ (τ)∥p(τ|O1:T )
)

Theorem 3: Under the assumption of negative reward
structure, the maximization of the maximum entropy objective
of Eq. (3),i.e.,

Jent(θ) := Eτ∼ρθ

[
R(τ)

]
+λE s1∼p1

st∼p(·|st−1,at−1)

[ T

∑
t=1

H π(at |st)
]

is equivalent to maximizing a linear scalarization, i.e. a
weighted sum of the objective functions, of the following
multi-objective optimization

max
θ

(L,−G)

where L=Eτ∼ρθ

[
log p(O1:T |τ)

]
(cf. Eq. (8)) is the Ev-

idence Lower Bound on the probability of taking an
optimal action at all time-steps during an episode, and
G=D

(
ρθ (τ)∥p(τ|O1:T )

)
(cf. Eq. (11)) is the gap between

the Evidence Lower Bound and the log probability.
Proof: [Proof of Theorem 3] Using lemma 4, we have

G =−Est∼p(st+1|st ,at )

[ T

∑
t=1

H π(·|st)
]
−

T

∑
t=1

log p(at |st) (11)

Also, recall that using lemma 3, we have the Evidence
Lower Bound L=βEτ∼ρθ

[
R(τ)

]
+∑

T
t=1 log p(at |st).

The proof is complete by scalarizing the multi-objective
optimization as a single-objective optimization with a scalar-
ization weight corresponding to the regularization weight
λβ , and noting that the action prior p(at |st) is a uniform
distribution and therefore is constant with respect to θ .

Theorem 3 shows that the maximum entropy objective is
equivalent to a linear scalarization of the multi-objective opti-
mization involving simultaneously maximizing the Evidence
Lower Bound on the probability of taking an optimal action
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at all time-steps during an episode and minimizing the gap
between the log probability and the Evidence Lower Bound.

Thus, the maximization of maximum entropy objective
can be thought of as an attempt to trade-off the tightness of
the lower bound on the log probability of taking an optimal
action at all time-steps during an episode and the optimization
of the lower bound, effectively trying to find and optimize a
smooth lower bound, tighter than the Evidence Lower Bound,
on the log probability log p(O1:T ).

The solution to the maximum entropy objective is a Pareto
optimal solution of the multi-objective problem corresponding
to the given regularization weight λ . Given this perspective,
one can use alternative methods to solve the multi-objective
optimization, which might lead to more effective algorithms.

To summarize, we showed the optimization of the risk-
sensitive exponential criteria is equivalent to maximizing the
joint probability of taking an optimal action at all time-steps
during an episode, while the expected cumulative reward and
maximum entropy objectives are attempts to approximately
solve this optimization by optimizing a lower bound on the
probability of taking an optimal action at all time-steps, where
the bound optimized by maximum entropy objective is a
tighter and more smooth lower bound on the probability of
being optimal at all time-steps than the bound optimized by
the standard expected cumulative reward.

IV. CONCLUSION

We presented a probabilistic perspective on risk-sensitive
RL with exponential criteria by casting the Reinforcement
Learning problem into a graph using Probabilistic Graphical
Models. We showed that Reinforcement Learning with expo-
nential criteria has the intuitive interpretation of optimizing
the probability of taking an optimal action at all time-
steps during an episode. We also presented a probabilistic
interpretation of risk-neutral expected cumulative reward.
We established that risk-neutral expected cumulative reward
Reinforcement Learning is equivalent to optimization of the
Evidence lower bound on the probability of taking an optimal
action at all time-steps. We also showed that the maximum
entropy objective attempts to maximize a lower bound, tighter
and more smooth than the Evidence lower bound, on the
probability of taking an optimal action at all time-steps
during an episode. That is precisely why the optimization of
maximum entropy results in more robust policies.
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