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of the observations under either hypothesis are unknown. Empirical distributions are estimated
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distributions. The convergence of the information state and optimal detection cost under
empirical distributions to the information state and optimal detection cost under the true
distribution are shown. Simulation results are presented and are consistent with the results
mentioned earlier.
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1. INTRODUCTION

In the standard binary hypothesis testing problem, the
true distribution under either hypothesis is assumed to
be known. In many applications of hypothesis testing,
the true distribution under the hypotheses and the prior
probabilities are unknown. In such a scenario the empiri-
cal distributions are estimated from samples (data). The
expectation is that as the number of samples increases,
the empirical distributions “converge” to the true distribu-
tions. In this paper, the objective is to understand how the
optimal detection cost (e.g., minimum probability of error)
behaves as the empirical distributions “converge” to the
true distribution. Due to uncertainty in the distributions,
we treat this problem as a robust detection problem.

Other notions of robustness can also be considered. In
Martin and Schwartz (1971), the authors study the prob-
lem of detecting a signal of known form in additive, nearly
Gaussian noise. The robust detection problem is formu-
lated as a min-max problem. The solution to the min-max
problem is obtained when the signal amplitude is known
and the nearly Gaussian noise is specified by a mixture
model. They show that the solution takes the form of
a correlator-limiter detector. For a constant signal, the
correlator-limiter detector reduces to a limiter detector,
which is shown to be robust in terms of power and false
alarm. In Kassam and Thomas (1976), the authors con-
sider a Tukey-Huber contaminated noise model to obtain
min-max detectors in the asymptotic case for known sig-
nals in additive noise. According to their model, the noise
density is defined by f(x) = (1− ε)g(x)+ εh(x) for a given
ε, g(x), and h(x). They find the most robust detector for
additive contaminated noise with g(x) satisfying certain
regularity conditions. In Kassam et al. (1982), the problem
of detecting signals in noise with asymmetric probability
density functions is considered. The noise density model al-
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lows symmetric contaminated nominal central part and an
arbitrary tail behavior. For the detection of known signals,
the robust nonlinear-correlator (NC) detector is obtained
based on detector efficiency as the performance criterion.
The robust M-detector structure for constant-signal de-
tection was also explicitly obtained. In Poor (1982), the
problem of designing robust systems for detecting con-
stant signals in the presence of weakly dependent noise
with uncertain statistics is considered. A moving-average
representation is used to model the dependence structure
of the noise process. It is shown that the robust detector
for this dependent noise model is characterized by the
least favorable noise distribution which coincides with the
distribution that is least favorable for the corresponding
independent-noise case. In Moustakides (1985), the author
considers the problem of robust detection of a signal for
the case of independent and identically distributed obser-
vations. An asymptotic approach is considered with the
exponential rates of decrease of the error probabilities
as the measure of performance. Under this measure, a
robust detection structure for the symmetric density case
is derived. The primary motivation for these works were
Huber (1964) and Huber (1965).

In our previous work Raghavan and Baras (2019), we
considered the binary hypothesis testing problem with
two observers. There were two observers, Observer 1 and
Observer 2. Each observer collected its individual set of
observations. The observations collected by the observers
are statistically related to the true state of nature. After
collecting their individual sets of observations, the objec-
tive of the two observers was to find their belief about
the true state of nature and to agree on their beliefs as
well. We did not assume that the observations of the two
observers belong to the same probability space, as such an
assumption implies the existence and knowledge of a joint
distribution of the observations and hence information
exchange between the observers. True distributions under
either state of nature and prior probabilities of the true
state of nature are unknown. We emphasized the detailed
probability space construction from the data. We proposed
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is derived. The primary motivation for these works were
Huber (1964) and Huber (1965).

In our previous work Raghavan and Baras (2019), we
considered the binary hypothesis testing problem with
two observers. There were two observers, Observer 1 and
Observer 2. Each observer collected its individual set of
observations. The observations collected by the observers
are statistically related to the true state of nature. After
collecting their individual sets of observations, the objec-
tive of the two observers was to find their belief about
the true state of nature and to agree on their beliefs as
well. We did not assume that the observations of the two
observers belong to the same probability space, as such an
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exchange between the observers. True distributions under
either state of nature and prior probabilities of the true
state of nature are unknown. We emphasized the detailed
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different solutions to the problem and the solutions in-
volved estimating empirical distributions from samples.
This leads to the following questions: (1) as the number of
samples increases (for estimating empirical distribution)
do the empirical distributions “converge” (with a suitable
notion of distance) to the true distributions; (2) if the
empirical distributions converge to true distributions does
the optimal detection cost under the empirical distribu-
tions converge to the optimal detection cost under the true
distributions. There are different notions of distance that
can be considered on the space of probability distributions
on the observation space. For example, we can consider
the L1 norm, the L2 norm, the L∞ norm, etc. One can
also consider metrics which do not satisfy the triangle
inequality like, Bregman Divergences (which encompasses
Kullback - Liebler divergence), Banerjee et al. (2005). As-
suming that the empirical distributions converge to the
true distributions in the chosen notion of distance, ‘ d’, one
can formulate the following “robust” detection problem:

min
D

EP [C(H,D)]

d(P,Q) < ε,

where P is the unknown true distribution, Q is the
empirical distribution, H is the true state of nature, D
is the decision and C(H,D) denotes the detection cost.
The distance between P and Q can be made arbitrarily
small by taking more samples (due to “convergence”). To
solve the detection problem, we need to find the likelihood
ratio (or information state) under the true distribution.
The problem with the above formulation is that, knowing
the distance between the empirical and true distribution
is not enough information to estimate the likelihood ratio
under the true distribution.

In our formulation, the empirical distribution after col-
lecting n samples is calculated by finding the relative fre-
quency of each set. We assume that the empirical measures
(defined in the next section) are absolutely continuous
with respect to the true measure (defined in the next
section), which guarantees the existence of the associated
Radon-Nikodym derivatives. This derivative is helpful in
expressing the information state under empirical measure
in terms of the true measure. This technique is helpful in
showing convergence of optimal detection cost.

The main contributions of this paper are: (i) convergence
of the information state and optimal detection cost un-
der empirical distributions to the information state and
optimal detection cost under the true distributions, (ii)
numerical study with different distributions supporting (i).
In the next section, 2, we discuss the problem formulation.
In section 3 we present the key results and their proofs. In
4, we present the numerical results. Finally, the conclusions
are presented in section 5.

2. PROBLEM FORMULATION

2.1 Unknown distributions

Let (Ω,F ,P) be a probability space. This probability space
is unknown. Let {Hi, Xi}i≥1 be a sequence of independent
and identically distributed random variables on the prob-
ability space. Hi is binary valued and Xi takes values in a
finite set, X. Extension to the case where X is a countable

set can also be considered. The true distribution of random
variable Xi conditioned on hypothesis Hi is unknown and
is represented by µh. The true prior probabilities of the
hypothesis, Hi, is represented by ph. Let M be the sigma
algebra of all subsets of X for which µh is defined. Let M
be the sigma algebra generated by the sets of the form
E = {{0, 1} × E1, E1 ∈ M}. For a set E = {h} × E1,
µ(E), the true measure, is defined as µ(E) = phµh(E1)
and for E = {0, 1}×E1, µ(E) = p0µ0(E1)+p1µ1(E1). The
probability space associated with a single random vector
Hi, Xi is (Ω̄,M, µ), where Ω̄ = ({0, 1}) × X. The joint
probability space of {Hi, Xi}i=n

i=1 is (Ω̄n,Mn, µn), where
Ω̄n = {0, 1}n×Xn.Mn is the σ algebra generated by sets of
the form F1×E1×F2×E2 . . .×Fn×En where Fi ∈ {0, 1}
and Ei ∈ M for 1 ≤ i ≤ n. µn is the product measure
(from independence of the sequence), µn(h1 × E1 × h2 ×
E2 . . . hn × En) =

∏i=n
i=1 p

hiµhi(Ei).

2.2 Learning distributions

Since the true distributions are unknown, we estimate
them. Given a sequence of independent and identically dis-
tributed random variables, {Hi, Xi}i≥1 on the probability
space (Ω,F ,P) the empirical measure (at stage n) of an
atom E of the sigma algebra M is

νn(E) =

i=n∑
i=1

1(Hi,Xi)∈E

n
, E = {h} × E1,

where 1{}(·) is the indicator function.

2.3 Detection problem

Given a new observation Y , the detection problem is to
find decision D ∈ {0, 1} which is σ(Y ) measurable such
that the following cost is minimized:

J = min
D

Eµ[H(1−D) +D(1−H)], (1)

where H represents the hypothesis random variable and
σ(Y ) denotes the sigma algebra generated by the random
variable Y which is a sub σ algebra of M. Since the
true measure is unknown, we instead solve the following
optimization problem

Jn = min
D

Eνn
[H(1−D) +D(1−H)]. (2)

The conditional expectation of the random variable H
given σ(Y ) under measure νn is a random variable Zn

such that, Zn is σ(Y ) measurable, and∫

S

Hdνn =

∫

S

Zndνn, ∀ S ∈ σ(Y ).

The conditional expectation of the random variable H
given σ(Y ) under measure µ is a random variable Z such
that, Z is σ(Y ) measurable and∫

S

Hdµ =

∫

S

Zdµ, ∀ S ∈ σ(Y ).

For the optimization problem in (1) the optimal decision
is a threshold policy depending on Z while for the problem
in (2), the optimal decision is a threshold policy depending
on Zn If Z was known then the optimal cost is,

J =

∫

Ω̄

[Z ∧ (1− Z)]dµ.
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such that, Zn is σ(Y ) measurable, and∫

S

Hdνn =
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S
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given σ(Y ) under measure µ is a random variable Z such
that, Z is σ(Y ) measurable and∫
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Hdµ =
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is a threshold policy depending on Z while for the problem
in (2), the optimal decision is a threshold policy depending
on Zn If Z was known then the optimal cost is,

J =

∫

Ω̄

[Z ∧ (1− Z)]dµ.

2.4 Objectives

The first objective is to find the rate of convergence of
νn to µ. The second objective is to prove the convergence
of the information state and optimal detection cost under
empirical distributions to the information state and op-
timal detection cost under the true distributions, i.e., to
prove that {Zn} converges to Z almost everywhere on Ω̄
and to prove that {Jn} → J .

2.5 Assumptions

(1) It is assumed that for all n, νn is absolutely continu-
ous with respect to µ, i.e., νn << µ. This assumption
implies that sets which have true measure zero are not
observed, i.e., the realizations of Xi do not belong to
sets of true measure zero. This assumption also im-
plies the condition that that µ({x}) �= 0, the measure
µ of singleton sets is not zero. Hence µ cannot be
a measure on the real line with a σ algebra like the
Borel σ algebra. We restrict X be a finite / countable
set.

(2) If X is a countable set, it is assumed that, µ is tight,
i.e., for every ε > 0 there exists Sε ∈ M such that
µ(Ω̄ ∼ Sε) < ε.

3. SOLUTION

From the strong law of large numbers it follows that,

lim
n→∞

νn(E) = µ(E), ∀E ∈ M, P a.s

Hence for “almost all” realizations of the sequence
{Hi, Xi}i≥1 the empirical measures converge strongly to
the true measure on ({0, 1} × R,M). When X is a finite
set, there are finite number of elements in M. The set wise
convergence implies uniform convergence, i.e.,

lim
n→∞

sup
E

|νn(E)− µ(E)| = 0.

When X is a countable set, we need further investigation
to prove the uniform convergence. From the almost sure
convergence, it also follows that {νn(E)} → µ(E) in
L1 norm. Below, we briefly discuss the application of
concentration inequalities Hajek (2015) to possibly draw
insights into the rate of convergence of {νn(E)} to µ(E).

3.1 Azuma’s inequality / McDiarmid’s inequality

Let ψ(X1, X2, ..., Xn) = νn(E). |ψ(x1, x2, ..., xi, ...xn) −
ψ(x1, x2, ..., x̄i, ...xn)| ≤ 1

n , 1 ≤ i ≤ n. By McDiarmid’s
inequality Hajek (2015) it follows that,

P(|νn(E)− µ(E)| > t) < 2e−2nt2 .

3.2 Large deviation bound

Let Yi = 1(Hi,Xi)∈E −EP[1(Hi,Xi)∈E ] = 1(Hi,Xi)∈E −µ(E).

Then νn(E) − µ(E) = 1
n

∑n
i=1 Yi. For all i, Yi takes the

value −µ(E) with probability 1 − µ(E) and the value
1 − µ(E) with probability µ(E). Let M(θ) = E[expθYi ] =
exp−θµ(E)(1− µ(E)) + expθ(1−µ(E)) µ(E), for all i. Define
the conjugate function as:

φ(l) = sup
θ
[θl − log(M(θ))].

From the theory of large deviations Varadhan (1984) we
obtain the following bounds:

lim
n→∞

1

n
P(νn(E)− µ(E) > δ) = −φ(δ),

lim
n→∞

1

n
P(νn(E)− µ(E) < −δ) = φ(−δ).

The above inequalities provide upper bounds on the true
measure of the events of the form, |νn(E) − µ(E)| > t.
Since the true measure is unknown these bounds are not
useful. Nevertheless, they provide an insight into the rate
of convergence.

3.3 Convergence

Proposition 3.1. When X is a finite set,

{Zn} → Z a.e on Ω̄ and {Jn} → J.

Proof : From the first assumption (mentioned in 2.5), it
follows that for all n, there exists fn [ Radon-Nikodym
derivative of νn with respect to µ] which is M measurable,
non negative, such that∫

E

fndµ = νn(E) ∀ E ∈ M.

By the Vitali- Hahn-Saks theorem Royden and Fitzpatrick
(2010), it follows that {νn} is uniformly absolutely contin-
uous with respect to µ. Hence, for any ε > 0, there exists
δ > 0 such that

µ(E) < δ ⇒ νn(E) < ε, ∀n.
Thus, for any ε > 0, there exists δ > 0 such that

µ(E) < δ ⇒
∫

E

fndµ =

∫

E

|fn|dµ < ε, ∀n,

that is, {fn}n≥1 is uniformly integrable. Consider the L1

norm of |fn − 1|:∫

{ω∈Ω̄:(fn−1)≥0}

(fn − 1)dµ ≤ sup
E

|νn(E)− µ(E)|,

∫

{ω∈Ω̄:(fn−1)<0}

(fn − 1)dµ ≤ sup
E

|νn(E)− µ(E)|, ∀n.

∫

Ω̄

|fn − 1|dµ ≤ 2sup
E

|νn(E)− µ(E)|, ∀n.

When X is finite, the R.H.S of the above inequality
converges to 0 as n tends to infinity. Hence {fn} converges
to 1 in L1 norm. This further implies that {fn} converges
to 1 in measure µ. The convergence of the {fn} in measure
can be alternatively shown as follows. {fn} converges in
measure µ to 1 if and only if for every subsequence {fnk

}
of {fn} has a further subsequence {fnkl

} that converges

µ almost surely to 1 on Ω̄. We prove the result by
contradiction. Suppose {fn} does not converge in measure
µ to 1. Then there exists a subsequence {fnk

} whose no
subsequence converges to 1 µ almost surely, i.e., {fnk

} does
not converge 1, µ almost surely. Thus, there exists a set A
with measure, µ(A), greater than zero (µ(A) = ε > 0) and
positive real number δ > 0 such that

|fnk
(ω)− 1| > δ ∀ω ∈ A, k ∈ N.

The sets {fnk
> 1 + δ} = {ω ∈ Ω̄ : fnk

(ω) > 1 + δ}
and {fnk

< 1 − δ} = {ω ∈ Ω̄ : fnk
(ω) > 1 − δ} are M

measurable. There exits an infinite index set I1 such that
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µ(A ∩ {fj > 1 + δ}) ≥ ε

2
∀j ∈ I1, or

µ(A ∩ {fj < 1− δ}) ≥ ε

2
∀j ∈ I1.

Since M has finite number of sets, there exists an infinite
index set I2 such that µ( ∩

j∈I2
{A ∩ {fj > 1 + δ}}) = γ ≥

ε
2 > 0. Thus for every k in I2,∫

∩
j∈I2

{A∩{fj>1+δ}}

(fk − 1)dµ >

∫

∩
j∈I2

{A∩{fj>1+δ}}

δdµ > δγ.

Hence,

lim
k∈I2,k→∞

∫

∩
j∈I2

{A∩{fj>1+δ}}

(fk − 1)dµ ≥ δγ,

which is a contradiction as,

lim
k∈I2,k→∞

∫

∩
j∈I2

{A∩{fj>1+δ}}

(fk − 1)dµ = 0.

Let lim
n→∞

Zn(ω) = Z̄(ω), ∀ω ∈ Ω̄. Since {Zn}n≥1 is

a sequence of σ(Y ) measurable random variables, Z̄ is
σ(Y ) measurable as well. Further, {Znfn} converges in
measure to Z̄ and {Hfn} converges in measure to H. Since
|Zn| ≤ 1∀ n, H ≤ 1, fn ≤ 1

min
x∈X

µ(x)∀ n, Znfn and Hfn are

bounded above a integrable function, µ almost surely for
all n. By the Dominated Convergence theorem Royden and
Fitzpatrick (2010), it follows that

lim
n→∞

∫

S

Znfndµ =

∫

S

lim
n→∞

Znfndµ =

∫

S

Z̄dµ, ∀S ∈ σ(Y ),

(3)

lim
n→∞

∫

S

Hfndµ =

∫

S

lim
n→∞

Hfndµ =

∫

S

Hdµ, ∀S ∈ σ(Y ).

(4)

Thus, Z̄ is a σ(Y ) measurable random variable such that∫

S

Z̄dµ =

∫

S

Hdµ, ∀S ∈ σ(Y ).

Thus Z = Z̄, µ almost surely. The minimum detection cost
with empirical distribution, νn, is∫

Ω̄

[(1− Zn) ∧ Zn]dνn =

∫

Ω̄

[(1− Zn) ∧ Zn]fndµ.

Since |[(1 − Zn) ∧ Zn]fn| ≤ |fn|, the sequence {[(1 −
Zn)∧Zn]fn}n≥1 is bounded above a integrable function, µ
almost surely for all n. The sequence converges to [(1−Z)∧
Z] in measure µ. By the Dominated Convergence theorem
Royden and Fitzpatrick (2010), it follows that

lim
n→∞

∫

Ω̄

[(1− Zn) ∧ Zn]fndµ =
∫

Ω̄

lim
n→∞

[(1− Zn) ∧ Zn]fndµ =

∫

Ω̄

[(1− Z) ∧ Z]dµ, (5)

which is indeed J . When X is a countable set, we utilize
the tightness of the measure µ. From the uniform absolute
continuity and tightness of µ, it follows that the sequence
{νn}n≥1 is tight. The tightness of µ and uniform inte-
grability of {fn}n≥1 imply that {fn}n≥1 is tight. Since

|Zn| ≤ 1∀ n, |H| ≤ 1, the sequences {Znfn}n≥1 and
{Hfn}n≥1 are also uniformly integrable and tight. When
X is a countable set, if we are able to show that {fn}
converges in measure µ to 1 then by the Vitali convergence
theorem Royden and Fitzpatrick (2010) (3) and (4) follow.
Since |[(1−Zn)∧Zn]fn| ≤ |fn|, the sequence {[(1−Zn)∧
Zn]fn}n≥1 is uniformly integrable and tight. Again by the
Vitali convergence theorem (5) follows.

3.4 Discussion

When X is a countable set, there are different approaches
that we can consider to show convergence of {fn} in
measure. We discuss three possible approaches and their
associated challenges. In the first approach, we attempt
to prove that {fn} → 1 in L1(Ω̄, µ) which implies {fn}
converges in measure. From the definition of the Radon-
Nikodym derivative it follows that for all simple functions
φ on (Ω̄,M),

lim
n→∞

∫

Ω̄

fnφdµ =

∫

Ω̄

φdµ.

Since simple functions are dense in L∞(Ω̄, µ) and {fn}n≥1

is bounded in L1(Ω̄, µ) it follows that

lim
n→∞

∫

Ω̄

fngdµ =

∫

Ω̄

gdµ, ∀g ∈ L∞(Ω̄, µ).

{fn} ⇀ 1 in L1(Ω̄, µ). It is clear that {||fn||1} → 1. To
show {fn} → 1 in L1(Ω̄, µ), we can follow the procedure
used to prove the Radon-Riesz theorem. This procedure
requires uniform convexity of the L1(Ω̄, µ) space which
typically does not hold. If {fn} converges in measure
to 1, then a subsequence of {fn}, {fnk

}, converges µ
almost surely to 1. Scheffé’s theorem Billingsley (2008)
implies that lim

k→∞
sup
E

|νnk
(E)−µ(E)| = 0, {νnk

} converges

uniformly to µ over the same subsequence. {fn} ⇀ 1 in
L1(Ω̄, µ) and {fn} → 1 in measure imply that {fn} → 1
in L1(Ω̄, µ). Note that for any E,

|νn(E)− µ(E)| = |
∫

E

(fn − 1)dµ| ≤
∫

E

|fn − 1|dµ

Hence, sup
E

|νnk
(E)− µ(E)| ≤

∫

Ω̄

|fn − 1|dµ

{fn} → 1 in L1(Ω̄, µ) implies uniform convergence of {νn}.
In the given scenario, if we prove that {fn} converges in
measure it implies {νn} converges uniformly. Instead of
proving {fn} → 1 in L1(Ω̄, µ), we might consider to prove
the uniform convergence of {νn}.
Using the Arzelà-Ascoli theorem: The objective is to find
a metric ρ on X such that the metric space (X, ρ) is
compact and the functions {fn}n≥1 are equicontinuous
on this metric space. If such a metric space exists and
we assume that the fn are uniformly bounded then the
Arzelà-Ascoli theorem tell us that there is a subsequence
of {fn}n≥1 that converges uniformly on X to 1. Using the
uniform convergence and a contradiction argument we can
show that {fn} → 1 in L1(Ω̄, µ).

Using the Glivenko-Cantelli theorem: There are three
steps to proving the theorem. Let us consider the esti-
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µ(A ∩ {fj > 1 + δ}) ≥ ε

2
∀j ∈ I1, or

µ(A ∩ {fj < 1− δ}) ≥ ε

2
∀j ∈ I1.

Since M has finite number of sets, there exists an infinite
index set I2 such that µ( ∩

j∈I2
{A ∩ {fj > 1 + δ}}) = γ ≥

ε
2 > 0. Thus for every k in I2,∫

∩
j∈I2

{A∩{fj>1+δ}}

(fk − 1)dµ >

∫

∩
j∈I2

{A∩{fj>1+δ}}

δdµ > δγ.

Hence,

lim
k∈I2,k→∞

∫

∩
j∈I2

{A∩{fj>1+δ}}

(fk − 1)dµ ≥ δγ,

which is a contradiction as,

lim
k∈I2,k→∞

∫

∩
j∈I2

{A∩{fj>1+δ}}

(fk − 1)dµ = 0.

Let lim
n→∞

Zn(ω) = Z̄(ω), ∀ω ∈ Ω̄. Since {Zn}n≥1 is

a sequence of σ(Y ) measurable random variables, Z̄ is
σ(Y ) measurable as well. Further, {Znfn} converges in
measure to Z̄ and {Hfn} converges in measure to H. Since
|Zn| ≤ 1∀ n, H ≤ 1, fn ≤ 1

min
x∈X

µ(x)∀ n, Znfn and Hfn are

bounded above a integrable function, µ almost surely for
all n. By the Dominated Convergence theorem Royden and
Fitzpatrick (2010), it follows that

lim
n→∞

∫

S

Znfndµ =

∫

S

lim
n→∞

Znfndµ =

∫

S

Z̄dµ, ∀S ∈ σ(Y ),

(3)

lim
n→∞

∫

S

Hfndµ =

∫

S

lim
n→∞

Hfndµ =

∫

S

Hdµ, ∀S ∈ σ(Y ).

(4)

Thus, Z̄ is a σ(Y ) measurable random variable such that∫

S

Z̄dµ =

∫

S

Hdµ, ∀S ∈ σ(Y ).

Thus Z = Z̄, µ almost surely. The minimum detection cost
with empirical distribution, νn, is∫

Ω̄

[(1− Zn) ∧ Zn]dνn =

∫

Ω̄

[(1− Zn) ∧ Zn]fndµ.

Since |[(1 − Zn) ∧ Zn]fn| ≤ |fn|, the sequence {[(1 −
Zn)∧Zn]fn}n≥1 is bounded above a integrable function, µ
almost surely for all n. The sequence converges to [(1−Z)∧
Z] in measure µ. By the Dominated Convergence theorem
Royden and Fitzpatrick (2010), it follows that

lim
n→∞

∫

Ω̄

[(1− Zn) ∧ Zn]fndµ =
∫

Ω̄

lim
n→∞

[(1− Zn) ∧ Zn]fndµ =

∫

Ω̄

[(1− Z) ∧ Z]dµ, (5)

which is indeed J . When X is a countable set, we utilize
the tightness of the measure µ. From the uniform absolute
continuity and tightness of µ, it follows that the sequence
{νn}n≥1 is tight. The tightness of µ and uniform inte-
grability of {fn}n≥1 imply that {fn}n≥1 is tight. Since

|Zn| ≤ 1∀ n, |H| ≤ 1, the sequences {Znfn}n≥1 and
{Hfn}n≥1 are also uniformly integrable and tight. When
X is a countable set, if we are able to show that {fn}
converges in measure µ to 1 then by the Vitali convergence
theorem Royden and Fitzpatrick (2010) (3) and (4) follow.
Since |[(1−Zn)∧Zn]fn| ≤ |fn|, the sequence {[(1−Zn)∧
Zn]fn}n≥1 is uniformly integrable and tight. Again by the
Vitali convergence theorem (5) follows.

3.4 Discussion

When X is a countable set, there are different approaches
that we can consider to show convergence of {fn} in
measure. We discuss three possible approaches and their
associated challenges. In the first approach, we attempt
to prove that {fn} → 1 in L1(Ω̄, µ) which implies {fn}
converges in measure. From the definition of the Radon-
Nikodym derivative it follows that for all simple functions
φ on (Ω̄,M),

lim
n→∞

∫

Ω̄

fnφdµ =

∫

Ω̄

φdµ.

Since simple functions are dense in L∞(Ω̄, µ) and {fn}n≥1

is bounded in L1(Ω̄, µ) it follows that

lim
n→∞

∫

Ω̄

fngdµ =

∫

Ω̄

gdµ, ∀g ∈ L∞(Ω̄, µ).

{fn} ⇀ 1 in L1(Ω̄, µ). It is clear that {||fn||1} → 1. To
show {fn} → 1 in L1(Ω̄, µ), we can follow the procedure
used to prove the Radon-Riesz theorem. This procedure
requires uniform convexity of the L1(Ω̄, µ) space which
typically does not hold. If {fn} converges in measure
to 1, then a subsequence of {fn}, {fnk

}, converges µ
almost surely to 1. Scheffé’s theorem Billingsley (2008)
implies that lim

k→∞
sup
E

|νnk
(E)−µ(E)| = 0, {νnk

} converges

uniformly to µ over the same subsequence. {fn} ⇀ 1 in
L1(Ω̄, µ) and {fn} → 1 in measure imply that {fn} → 1
in L1(Ω̄, µ). Note that for any E,

|νn(E)− µ(E)| = |
∫

E

(fn − 1)dµ| ≤
∫

E

|fn − 1|dµ

Hence, sup
E

|νnk
(E)− µ(E)| ≤

∫

Ω̄

|fn − 1|dµ

{fn} → 1 in L1(Ω̄, µ) implies uniform convergence of {νn}.
In the given scenario, if we prove that {fn} converges in
measure it implies {νn} converges uniformly. Instead of
proving {fn} → 1 in L1(Ω̄, µ), we might consider to prove
the uniform convergence of {νn}.
Using the Arzelà-Ascoli theorem: The objective is to find
a metric ρ on X such that the metric space (X, ρ) is
compact and the functions {fn}n≥1 are equicontinuous
on this metric space. If such a metric space exists and
we assume that the fn are uniformly bounded then the
Arzelà-Ascoli theorem tell us that there is a subsequence
of {fn}n≥1 that converges uniformly on X to 1. Using the
uniform convergence and a contradiction argument we can
show that {fn} → 1 in L1(Ω̄, µ).

Using the Glivenko-Cantelli theorem: There are three
steps to proving the theorem. Let us consider the esti-

mation of µ0. Let {Yn}n≥1 and {Zn}n≥1 be i.i.d sequences
drawn from the distribution µ0. Let,

αn(E) =

i=n∑
i=1

1(Yi)∈E

n
and βn(E) =

i=n∑
i=1

1(Zi)∈E

n
E ∈ 2X.

The first step is symmetrization. ∀ε > 0, ∃Nε such that

P(sup
E

|αn(E)− µ0(E)| > ε) ≤

2P(sup
E

|αn(E)− βn(E)| > ε

2
), ∀n ≥ Nε.

The above condition can be proven along the lines of
the proof of symmetrization lemma in chapter 2 of Pol-
lard (2012). Let Tn = max(Y1, . . . , Yn, Z1, . . . , Zn) −
min(Y1, . . . , Yn, Z1, . . . , Zn). For the next step, we impose
the condition that P(Tn ≤ nk) = 1 for some k ∈ N. When
E = {x}, a singleton set, then |αn(E) − βn(E)| can take
at most n+ 1 different values. Suppose these n+ 1 values
are achieved at x1, . . . , xn+1. Then,

P(sup
E

|αn(E)− βn(E)| > ε

2
) ≤

P(
i=Tn⋃
i=1

max
Ei∈{x1,...,xn+1}

|αn(Ei)− βn(Ei)| >
ε

2
)

≤ nk
n+1∑
i=1

P(|αn(xi)− βn(xi)| >
ε

2
)

In the above, the first inequality uses the property that X is
discrete and countable. The third step is to use Hoeffding’s
inequality. From the inequality, it follows that

P(sup
E

|αn(E)− µ0(E)| > ε) ≤ nk(4n+ 4) exp
−nε2

8

Hence P(sup
E

|αn(E) − µ0(E)| > ε) converges to zero

as n tends to infinity. From the Borel-Cantelli lemma,
we infer almost sure convergence of sup

E
|αn(E) − µ0(E)|

to zero which implies uniform convergence of {αn} to
µ0. This approach needs to be further investigated to
show that {νn} converges uniformly to µ. We use the
approach described for the case when X is finite to show
uniform convergence of {νn} implies convergence of {fn} in
measure. Among the three approaches, the third approach
is most promising and requires further investigation.

4. SIMULATION RESULTS

In this section we present a numerical study of the robust
detection problem. The setting is described as follows. The
cardinality of the set of observations is 6. The true distri-
bution of the observations under either hypothesis is given
in table 1. The prior distribution of the hypothesis is con-

f(y) H = 0 H = 1

Y = 1 0.1 0.15

Y = 2 0.2 0.15

Y = 3 0.05 0.1

Y = 4 0.15 0.3

Y = 5 0.3 0.2

Y = 6 0.2 0.1

Table 1. Distribution of observations under
either hypothesis

Fig. 1. Convergence of distribution in L1 norm

Fig. 2. Optimal detection cost vs number of samples

sidered to be p0 = 0.4 and p1 = 0.6. The number of stages
till which the empirical distributions are found is denoted
by N . N was set to 104. Simulations were performed with
this set up. Empirical distributions, νn, were obtained for
every n ≤ N . Point wise convergence of the distributions
was observed. Convergence of the distributions to the true
distribution in L1 norm was observed. The L1 norm of the
error in empirical distributions from the true distribution
has been plotted in figure 1. The optimal detection cost
under the true distribution is 0.38. The optimal detection
cost under the empirical distributions varied between 0.355
and 0.425 and has been plotted in figure 2. For 1 ≤ n ≤ 150
it was observed that some of the entries of empirical
distributions were 0. These empirical distributions were
skipped while plotting figure 2. Simulations were repeated

f(y) H = 0 H = 1

Y = 1 0.1 0.08

Y = 2 0.05 0.09

Y = 3 0.15 0.1

Y = 4 0.07 0.08

Y = 5 0.08 0.12

Y = 6 0.06 0.14

Y = 7 0.12 0.09

Y = 8 0.18 0.10

Y = 9 0.06 0.18

Y = 10 0.13 0.12

Table 2. Distribution of observations under
either hypothesis

with a second setting. The setting is described as follows:
The cardinality of the set of observations is 10. The true
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Fig. 3. Convergence of distribution in L1 norm

Fig. 4. Optimal detection cost vs number of samples

distribution of the observations under either hypothesis is
given in Table 2. The prior distribution of the hypothesis
was considered to be p0 = 0.3 and p1 = 0.7. N was set
105. The L1 norm of the error in empirical distributions
from the true distribution has been plotted in figure 3.
The optimal detection cost under the true distribution
is 0.30. The optimal detection cost under the empirical
distributions varied between 0.2875 and 0.33 and has been
plotted in figure 4. Since the cardinality of the observation
set is greater than the first setting, the number of samples
taken to converge is larger. In both cases the convergence
of the L1 norm of the error was found to be approximately
exponential, consistent with the concentration inequali-
ties. It should be noted that the empirical distributions
and true distribution are not tight. Since the {fn} sequence
is bounded, the results mentioned in the previous section
continue to hold and the numerical results are consistent
with the same.

5. CONCLUSION AND FUTURE WORK

In this paper, we considered the problem of robust detec-
tion. The binary hypothesis testing problem was consid-
ered. The true distribution under either hypothesis was
unknown. The empirical distributions were found from
observations. Convergence of the information state and
optimal detection cost were proven. The theoretical results
were supported by numerical simulations.

One of the main assumptions in this work was that, the
samples used to estimate the empirical distributions were
independent in the true measure, which is difficult to
verify. As future work we are interested in finding weaker

conditions under which we can estimate empirical distribu-
tions and show the convergence to true distribution. One
possible approach would be to assume that the sequence
of empirical distributions is tight. By Prokhorov’s theorem
Billingsley (2013) there exists a subsequence which cov-
erges weakly to a measure on the observation space. We
would have to show that the measure to which the sub-
sequence converges is indeed the true measure. In Peskir
and Weber (1994), the authors present necessary and suf-
ficient conditions for a uniform law of large numbers for
stationary ergodic sequences of random variables. We are
also interested in investigating robust detection problems
with stochastic processes.
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