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Aigebraic system theory as introduced by Kaiman provided a unifying framework for the frequency 
domain and state-space approaches to linear finite dimensional systems. More significantly it 
allowed a rapproachement with automata theory which led to the development of extensions to 
infinite dimensional systems and nonlinear systems. Another important consequence was the 
popularization of algebraic methods for constructing and analyzing models of systems over arbitrary 
rings and fields. An important obstac1e for utilizing these powerful mathematical tools in practical 
applications has been the non availability of emcient and fast algorithms to carry through the 
precise error-free computations required by these algebraic methods. Recently with the advent of 
computer algebra this has become possible. In this paper we develop highly emcient, error-free 
algorithms, for most of the important computations needed in linear systems over fields or rings. 
We show that the structure of the underlying rings and modules is critical in designing such 
algorithms. We also discuss the importance of such algorithms for controller synthesis. 

1 Introduction 

My first exposure to algebraic system theory was through a graduate course 
at Harvard in 1972, based on the text [17J, which presented a more complete 
version of ideas presented in Kalman's seminal papers [18,32]. I was inspired 
enough by the elegance ofKalman's methods and their implications to undertake 
a research pro gram to develop similar constructs and theories for infinite 
dimensional systems [1-3]. Wh at I found significant and highly promising in 
these ideas was the algebraic methodology which, through a rapproachement 
with automata theory, offered a way of thinking about infinite dimensional and 
nonlinear systems free of the constraints of finite dimensionality and linearity. 
I had many opportunities to interact with KaIman through the years on these 
topics. The theories developed are by now weH known and cover a diverse 
variety of systems: linear systems over rings and fields [33, 34J, nonlinear systems 
[11,21, 35J, infinite dimensional systems [2J. EventuaHy these ideas influenced 
the more traditional approaches to control systems description and synthesis 
through the development of polynomial matrix methods [16,24,36, 37J. More 
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recently linear systems over non-standard rings appeared as efficient models 
for discrete event systems such as flexible manufacturing factories and 
communicatton networks [9]. 

Despite the mathematical success of these ideas and theories, and the 
apparent didactic value in unifying large bodies of specialized techniques in 
systems, there appears to be a lack of appreciation by practical engineers and 
control systems practicioners. In my opinion this is largely due to the fact that 
these methods have not been supported by adequate development of efficient 
and fast algorithms to perform the required computations. It has become by 
now clear that the most successful way for mathematical theories to influence 
practical control engineering, is by the development of efficient algorithms and 
related software that permit the practicing systems engineer to utilize powerful 
mathematical methods easily and efficiently. Actually, one of the major 
motivations that KaIman provided [19-21J for the development of algebraic 
methods in systems modeling and control was the opportunity to auto mate 
many ofthe sophisticated mathematical constructions required. The advent and 
popularization of computer algebra systems, has created a unique opportunity 
to design such algorithms and therefore progress decidedly towards the 
realization of his early vision. 

We have initiated recently such a pro gram, with our first target being linear 
systems over fields and rings. The predominant algorithms in this area involve 
error-free computations for various polynomial matrix algorithms. We found 
that the structure of the underlying rings and modules plays a critical role in 
the design of such algorithms. By carefully exploiting the algebraic properties 
of these rings and modules we have being able to construct efficient error-free 
algorithms, based on symbolic computation, with performance three orders of 
magnitude faster than previously known algorithms to control engineers. 

Polynomial matrices [12J playa key role in the design of multi-input 
multi-output control and communication systems [16, 24, 36, 37]. Examples 
include coprime factorizations of transfer function matrices, canonical 
realizations obtained from matrix fraction descriptions, design of feedback 
compensators and convolutional coders. In addition the design of digital, finite 
word length programmable controllers requires computations over finite fields 
and rings. Typically, such problems abstract in a natural way to the need to 
solve systems of Diophantine Equations (e.g. the so-called Bezout Equation). 
These and other problems involving polynomial matrices require efficient 
polynomial matrix triangularization procedures, a result which is not surprising 
given the importance of matrix triangularization techniques in numericallinear 
algebra. There, matrices with entries from a field can be triangularized using 
some form of Gaussian elimination. However, polynomial matrices have entries 
from a Euclidean ring, an algebraic object for wh ich Gaussian elimination is 
not defined. For such matrices triangularization is accomplished instead by 
what is naturally referred to as Euclidean elimination. Unfortunately, the 
numerical stability and sensitivity issues of Euclidean elimination are not weIl 
understood and in practice floating-point arithmetic has yielded poor results. 


