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Given two "nonlinear filtering problems" described by the 
processes 

d/(t) = fi(xi(t) ) dt + gi(xi(t) ) dwi(t) 
(1) 

we define a notion of strong equivalence relating the solutions to 
the corresponding Mortensen-Zakai equations 

iii 
dUi(t,x) =.eui(t,x)dt+£]:ui(t,x)dYt ' i=l,2, (2) 

which allows solution of one problem to be obtained easily from 
solutions of the other. We give a geometric picture of this equiv
alence as a group of local transformations acting on manifolds of 
solutions. We then show that by knowing the full invariance group 
of the time invariant equations 

i 
dui(t,x) =£fii(t,x)dt, i=1,2, (3) 

we can analyze strong equivalence for the filtering problems. In 
particular if the two time invariant parabolic operators are in the 
same orbit of the invariance group we can show strong equivalence 
for the filtering problems. As a result filtering problems are 
separated into equivalent classes which correspond to orbits of 
invariance groups of parabolic operators. As specific example we 
treat V. Bene~'s case establishing from this point of view the 
necessity of the Riccati equation. 
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1. INTRODUCTION 

Very recently new ideas and techniques have been applied to 
a long standing problem in stochastic systems theory: "the non
linear filtering problem". A large portion of this new work is 
geometrical in nature. Thus Brockett [l]-[Z] and Mitter [3]-[4] 
have emphasized the significance of certain Lie-algebra of partial 
differential operators associated with each nonlinear filtering 
problem, while Marcus et al [5] and Baras and Blankenship [6] have 
provided explicit examples where these concepts lead to significant 
developments in the solution of nonlinear filtering problems. 

Our objective here is to describe a geometric way of charac
terizing computationally equivalent nonlinear filtering problems. 
This work is inspired by similar ideas in the theory of ordinary 
differential equations which go under the names "Similarity Methods" 
or "Group Invariance Methods" [q] -[10] • It will be apparent from 
the present paper that the fundamental concept in this problem of 
"equivalence" is that of invariance groups of (4). To make things 
precise consider two nonlinear filtering problems (vector) as in 
(1) of the abstract and the corresponding Mortensen-Zakai equations 
in Stratonovich form 

du.(t,x) 
1 

dt 

. 1 . 2 ·T . 
(.I!} --zlI h1(x) II )u. (t,x)+h1 (x)u. (t,x)y1(t)} (4) 

1 1 

i=l,Z 

Definition: The two nonlinear filtering problems above are strongly 
equivalent if uz can be computed from ul' and vice versa, via the 
following types of operations: 

Type 1: (t,xZ) = a.(t,x l ), where a. is a diffeomorphism':'l 
Type Z: uZ(t,x) = 1/I(t,x)ul(t,x) , where 1/I(t,x)~O and 1/1 (t,x)~O. 
Type 3: Solving a set of ordinary (finite dimensional) 

differential equations (i.e. quadrature). 

Brockett [Z], has analyzed the effects of diffeomorphisms in 
x-space and he and Mitter [4] the effects of so called "gauge" 
transformations (a special case of our type 2 operations) on (4). 
Type 3 operations are introduced here for the first time, and will 
be seen to be the key in linking this problem with mathematical 
work on group invariance methods in o.d.e. and p.d.e.'s. 

Our approach starts from the abstract version of (4): 

dUo • p . 
1 1 L: 1-

-;;--t = (A +·_lB.y.(t»u.; i=l,Z, 
o J- J J 1 

(5) 

where Ai, B~ are given by 
J 
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i . £ := forward gen. of x1 

Ai := oLi _} hiThi 

B~:= Mult. by h~ (jth compo of hi) 
] ] 

(6) 

We are thus dealing with two parabolic equations. We will first 
examine whether the evolutions of the time invariant parts can be 
computed from one another. This is a classical problem and the 
methods of section 2 apply. In section 3 we shall give an exten
sion to the full equation (5) under certain conditions on B!. We 
shall then apply this result to the examples studied by Benes and 
recover the Riccati equation as a consequence of strong equivalence. 
Further results and details can be found in [8]. 

The estimation Lie algebra introduced by Brockett [2] is the 
Lie algebra. 

Ai(E)=Lie algebra generated by 
Ai and Bi , j=l, ••• p, i=I,2 

] 

(7) 

Again we shall assume that for problems considered the operators 
A,Bj have a common, dense invariant set of analytic vectors in X 

and that the mathematical relationship between Ai(E) and the 
existence-uniqueness theory of (4) is well understood. For results 
of this nature we refer to [6][7]. 

2. USING THE INVARIANCE GROUP OF A PARABOLIC P.D.E. IN SOLVING 
NEW P.D.E.'S 

Consider the general, linear, nondegenerate elliptic partial 
differential operator 

n il2 n a . 
L:=.I:._Ia .. (x)" " + .~lb.(x)-'"I-+c(x)1d. 

1,]- 1] ox. ox. 1- 1 ox. 
1 ] 1 

(8) 

and assume that the coefficients aij' b i , c are smooth enough, so 
that L generates an analytic semigroup, denoted by exp(tL), for 
at least small t~O, on some locally convex space X of initial 
functions ~ and appropriate domain Dom(L). 

Let V be the set of solutions to 

au 
-at=Lu 

u(O,x) = Hx) 
(9) 

in X, as we vary~. The aim is to find a local Lie transformation 
group G which transforms every element of V into another element 
of V. Such a group will be called an invariance group of (9) or 
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of L. This of course is a classical topic of mathematical research 
initiated by Sophus Lie. 

Theorem 1 [10]: Every transformation g in the invariance 
group G of a linear parabolic equation is of the form 

u( t ,x) + v(p (t ,x) )u(p( t ,x)) + 1/1 (x) (10) 

where p is a transformation acting on the variables (t,x), 1/1 a 
fixed solution of the parabolic equation. 

We consider now one-parameter subgroups of the invariance 
group G of a given parabolic partial differential equation. 
According to standard Lie theory the infinitesimal generators of 
these one-parameter subgroups form the Lie algebra A(G) of the 
local Lie group G [9]. We shall, using standard Lie theory notation, 
denote Xs by exp(sX) where X is the infinitesimal generator of the 
one parameter group {Xs }' The infinitesimal generators of G are 
given by 

a n a . 
Z = a(t,x)a-+ .I;l~' (t,x)-a-+ y(t,x)ld. 

t 1- 1 xi 
(11) 

for some functions a'~i'y of t and x. If u solves (9) so does 
v(s)=exp(sZ)u, for small s. However v is also the solution of 

v(O) = u, (12) 

a first order hyperbolic p.d.e. (solvable by the method of 
characteristics). Clearly since a/at - L is linear 

Zm: V if UE V • (13) 

(13) implies 

dZ/dt = [L,Z] on V • (14) 

In (14) [,] denotes commutator and dZ/dt is symbolic of 
a n a 

atat+i~l~i,t (lXi +Yt id. Thus the elements of A(G) in this case 

satisfy a Lax equation. Furthermore it can be shown [10] that a 
is independent of x, i.e. a(t,x) = a(t) and that every Z satisfies 
an o.d.e. 

dR-Z dR-::}Z 
dR-dtR- + dR--ldtR--l + • •• + dOZ o 

where R-:O; dim G. 
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The most widely known example, for which A(G) has been com
puted explicitly is the heat equation. The infinitesimal genera
tors ~n this case are six, as below 

(15) 

Knowing the invariance group of (9) can help in solving certain 
"perturbations" of (9). We folow Rosencrans [10]. Thus we con
sider a linear parabolic equation like ( 9 ) and we assume we 
know the infinitesimal generators Z of the nontrivial part of G. Thus 
if u solves (9), so does v(s)=exp(sZ)u but with some new initial 
data, say,R(s)~. That is ---

sZ tL tL e e = e R(s) on X. (16) 

Now R(') is a semigroup. Let M be its generator: 

M.!. = lim R(s) P-P .!.e:Dom(M). 
'l's+o s ,'I' 

(17) 

It is straightforward to compute M, given Z as in (16). Thus 

_ n d~ 
M~ - a.(O)L~ + i~l~i (O,x) dX. + y(O,xH • (18) 

1 

Thus, to solve the initial value problem 

dW/dS = Mw , w(O) = ~ (19) 

where 

M=a.(O)L+.¥l~'(O,X)~ +y(O,x) id 
1= 1 ox. 

1 

we follow the steps given below. 
Step 1: Solve ut =Lu, u(O) = cp. 
Step 2: Find generator Z of G corresponding to M and solve 

dV dV n dV 
~= a(t)~+ .Ll~' (t,x)-;;- +y(t,x)v , v(O) = u (20) 
oS ot 1= 1 ox. 

1 

via the method of characteristics. Note this step requires the 
solution of ordinary differential equations only. 

Step 3: Set t=O to v(s,t,x). 

This procedure allows easy computation of the solution to the 
"perturbed" problem (19) if we know the solution to the "unperturbed" 
problem (9). The "perturbation" which is of degree.;;;; 1st, is given 
by the part of M: 
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n a 
P= .E1S.(0,x)-,,- + y(O,x). id. 

1= 1 oX. 
(21) 

1 

We shall denote by A(P) the set of all perturbations like 
(21) • 

Definition: The Lie algebra A(P) will be called the perturbation 
algebra of the elliptic operator L. 

Theorem 2 [10]: The perturbation algebra A(P) of an elliptic 
operator L, is isomorphic to a Lie suba1gebra of A(G)(i.e. of the 
Lie algebra of the invariance group of L). Moreover dim(A(P)) = 
dim(A(G)) -1. 

One significant question is: can we find the perturbation 
algebra A(P) without first computing A(G), the invariance Lie 
algebra? The answer is affirmative and is given by the following 
result [10]. 

Theorem 3 [10]: Assume L has analytic coefficients. An 
operator Po of order one or less (i.e. of the form (21) is in the 
perturbation algebra A(P) of L iff there exist a sequence of 
scalars A1,A2, ••• and a sequence of operators P1,P2,'" of order 
less than or equal to one such that [L,Pn ]=AnL+Pn+1 , n~O and 
EAktk/k! , EPktk/k! converge at least for small t. 

It is an easy application of this result to compute the per
turbation algebra of the heat equation in one dimension or equiv
alently of L = a2/ax2 • It turns out that A(P) is as-dimensional 
and spanned by 

2 a a 
A(P) = Span(l,x,x , ax'xax)' (22) 

So the general perturbation for the heat equation looks like 

P = (ax+b) ~x + (cx2 + dx + e) id (23) 

where a,b,c,d,e are arbitrary constants. 

The implications of these results are rather significant. 
Indeed consider the class of linear parabolic equations ut=Lu, 
where L is of the form (8). We can define an equivalence relation
ship on this class by : "L1 is equivalent to L2 if L2=L1+P where 
P is an element of the perturbation algebra A1(p) of L1"' Thus 
elliptic operators or equivalently linear parabolic equations are 
divided into equivalent classes (orbits); within each class (orbit) 
{L(k)} (k indexes elements in the class) solutions to the initial 
value problem u(k)t=L(k)u(k) with fixed data ~ (independent of k) 
can be obtained by quadrature (i.e. an o.d.e. integration) from 
anyone solution u(kO)' 
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3. SUFFICIENT CONDITIONS FOR STRONG EQUIVALENCE AND APPLICATIONS. 

We return now to the problem posed in section 1. Namely to 
discover conditions that imply strong equivalence of two nonlinear 
filtering problems. Our main result is: 

Theorem 4: Given two nonlinear filtering problems (see (1)(2)), 
such that the corresponding Mortensen-Zakai equations (see (4)) have 
unique solutions, continuously dependent on y(.). Assume that using 
operations of type 1 and 2 (see definition in section 1) these 
stochastic p.d.e. can be transformed in bilinear form 

dUi i P i i . 
-,,-= (A +'~lB.C(t))u., 1=1,2 
at J= J J 1 

such that: (i) Ai ,i=1,2, are nondegenerate elliptic, belonging to 
the same equivalence class (see end of section 2) (ii)Bt,j=l, ••• p, 
i=1,2 belong to the perturbation algebra A(P) of (i). J Then the 
two filtering problems are strongly equivalent. 

Proof: See [8]. 

Let us apply this result to the Benes case[ll]. We consider the 
linear filtering problem (scalar x,y) 

dx(t)=dw(t) , dy(t)=x(t)dt+dv(t) (24) 

and the nonlinear filtering problem (scalar x,y) 

dx(t)=f(x(t) )dt+dw(t) , dy(t)=x(t)dt+dv(t) • (25) 

The corresponding Mortensen-Zakai equations in Stratonovich form 
are: for the linear 

du1 (t,x) 

dt 
1 d2 2 . 
2(-2 - x )u1 (t ,x)+xy(t)u1 (t ,x) 

dX 

for the nonlinear 

dU2 1 d2 2 d • 
at" = 2( dX2 - x )u2 (t ,x) - dX (fu2)+xy( t)u2 (t ,x) • 

(26) 

(27) 

We wish to show that (24)(25) are strongly equivalent only if f 
(the drift) is a global solution of the Riccati equation 

fx + f2 = ax2 + bx + c (28) 

First let us apply to (25)(27) an operation of type 2. That is let 
(defines v2) 
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(29) 

Then the new function v2 satisfies 

av2(t,x) 1 a2 2 • 
at z(ax-z-x -V(x»v2(t,x)+xy(t)v2(t,x), (30) 

where 
Vex) = f + f2 

x 

We apply the theorem to (26)(30). So 

1 1 a2 2 1 a2 2 
A =-(-2-X) ,A2 =-(-_x -V) 

2 ax 2 dX2 

(31) 

1 2 
while B = B = Mult. by x. From the results of section 2, the 
only possible equivalence class is that of the heat equation. 
Clearly from (23) Al ,Bl,B2sA(P) for this class. For A2 s A(P) it is 
necessary that V be quadratic, i.e. f satisfies the Riccati equa
tion (28). 
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