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Abstract—In this paper, we study, analyze, and evaluate a
performance-aware cross-layer design approach for wireless mul-
tihop networks. Through network utility maximization (NUM)
and weighted network graph modeling, a cross-layer algorithm
for performing jointly routing, scheduling, and congestion control
is introduced. The performance awareness is achieved by both the
appropriate definition of the link weights for the corresponding
application's requirements and the introduction of a weighted
backpressure (BP) routing/scheduling. Contrary to the conven-
tional BP, the proposed algorithm scales the congestion gradients
with the appropriately defined per-pair (link, destination) weights.
We analytically prove the queue stability achieved by the proposed
cross-layer scheme, while its convergence to a close neighborhood
of the optimal source rates' values is proven via an -subgradient
approach. The issue of the weights' assignment based on various
quality-of-service (QoS) metrics is also investigated. Through
modeling and simulation, we demonstrate the performance im-
provements that can be achieved by the proposed approach—when
compared against existing methodologies in the literature—for
two different examples with diverse application requirements,
emphasizing respectively on delay and trustworthiness.

Index Terms—Backpressure algorithm, cross-layer design,
network utility maximization, wireless multihop networks.

I. INTRODUCTION

W IRELESS multihop networks are continuously in-
creasing their penetration in the current and future

networking arena, as being advantageous alternatives to wired
and/or cellular counterparts, mainly due to their low-cost,
easy, distributed, self-organized, and adaptable deployment.
Simultaneously, the ever-increasing demands for pervasive
access to the Internet along with the need for supporting various
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applications with strict and diverse quality-of-service (QoS)
requirements (e.g., packet delay, packet loss, throughput,
reliability, trust, etc.) drive the need for adopting cross-layer
approaches in the design of wireless multihop networks. Taking
into account the challenges and features of wireless multihop
networks [1], [2], the network topology, network modeling, and
corresponding network control algorithms should be designed
in such a way to efficiently adapt to the supporting application
requirements and respective communication patterns. In this
work, we aim exactly at addressing this issue by improving the
cross-layer design of wireless multihop networks focusing on
the algorithms for scheduling (MAC Layer), routing (Network
Layer), and congestion control (Transport Layer), along with
providing appropriate network modeling that facilitates this
design and framework.
There are several efforts in the literature studying the

cross-layer design of wireless multihop networks through
the use of network utility maximization (NUM) [3]–[7]. In
principle, NUM assigns a utility function of the corresponding
input rate to each source node and maximizes the sum of these
utilities over the whole network subject to capacity region
constraints. Through dual optimization [6] or primal-dual
optimization [4], the primal complex optimization problem
is decomposed into two subproblems, namely the congestion
controller and the backpressure (BP) scheduling/routing. These
two subproblems interact with each other via the Lagrange
multipliers or the queue lengths, where by solving each one of
them we obtain the optimal arrival and service rates, respec-
tively. The optimal traffic served on each link at a particular
time-slot is proven to be determined by the BP algorithm [8]
given the queue lengths for all nodes. Despite the fact that BP
is throughput-optimal, it poses caveats concerning performance
metrics such as delay, cost of message transfer, trustworthiness
of the paved paths, etc. This is due to the fact that the BP algo-
rithm uses only information about the congestion (queues) of
the network, ignoring any additional topology or performance
related information. Alleviating this defect of the BP algorithm
in the framework of NUM and expanding it in a more holistic
framework constitutes one of the key objectives of this paper.

A. Paper Contribution and Structure
In a nutshell, in this paper, we focus on a “performance-

aware” cross-layer design for scheduling, routing and conges-
tion control in wireless multihop networks. The term “perfor-
mance-aware” is used to emphasize on the fact that the proposed
algorithm, in contrast to the conventional BP-based cross-layer
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approach, is able to take into consideration diverse performance
metrics such as delay, trust, cost, reliability, etc., expressed via
link weights.
A general NUM problem is formulated aiming to identify

the optimal source (packet production) rates of the elastic
traffic flows. The source of each flow expresses its satisfaction
for its achieved rate through a utility function, which may
differ among flows aiming to express each one's particular
requirements and/or priorities. The NUM problem maximizes
the sum of utilities of all flows subject to network capacity
constraints. This NUM problem can be optimally solved by
the BP scheduling/routing algorithm [8] along with a suitable
congestion controller at each source node [4]. However, in [4]
and other related schemes, only the delay–throughput tradeoff
is treated, and there is no possibility of considering other
performance metrics, especially related to links, in the network
operation and control.
In this paper, we aim at enhancing the cross-layer algorithmic

solution of the NUM problem in [4] with performance aware-
ness. We consider weighted network graphs, where a weight
vector—with dimension equal to the number of nodes—is as-
signed to each link expressing a suitable performance metric
for the application under consideration. We replace the con-
ventional BP algorithm with a weighted BP algorithm along
with the appropriate redesign of the primal-dual congestion con-
troller. The proposed weighted BP enhances the conventional
BP by scaling its queue differences with the predetermined link
weights. The derived cross-layer scheme along with the appro-
priate weighted network modeling is holistic, in the sense that it
can be adapted to diverse performance and quality requirements
via redefining the link weight values.
The weight values are assigned to each pair of (link, destina-

tion) in the network, and this is the reason for assigning a weight
vector to each link. This dependence of the weight values on
each pair (link, destination) is the same as the one of the queue
differences used in BP, if per-destination queues are used. By
using these kinds of weights, the properties of the links and
how these properties can help transmissions toward each spe-
cific destination can be taken into consideration in the sched-
uling/routing process improving several performance metrics
depending on what the weights express (trust, delay, cost, re-
liability, etc.). In other words, paths allowing for better per-
formance among the possible ones are prioritized for packet
delivery. These link properties cannot be handled by the al-
ready-existing weighted BP schemes [3], [9]. Furthermore, con-
trary to the latter, our analysis includes the case of time-varying
weights.
Since the proposed cross-layer algorithm differs from the op-

timal algorithm for solving the NUM problem, we also prove
the following:
1) Bounded queue lengths in the limit of time (queue stability)

in the order , as in the case of the optimal cross-layer
scheme [4], where is a parameter scaling the sum of
flows' utilities.We use Lyapunov drift techniques, although
several nontrivial modifications in the proofs of similar ap-
proaches in the literature are needed to handle the (link,
destination) dependent weights.

2) The convergence of the source rates, defined by the pro-
posed cross-layer scheme, in a bounded neighborhood of

the optimal source rates that decreases as becomes large
and as the range of the weights' values and their maximum
value reduce. To show that, we use a methodology based
on the theory of approximate subgradients, i.e., subgradi-
ents with error tolerance denoted as -subgradients.

Moreover, the issue of the weights' determination based on
the QoS metrics of interest is thoroughly discussed. Several as-
pects and properties depending on the weights' values such as
convergence, throughput (optimal source rates and achievable
part of the capacity region), fairness, and performance improve-
ments are studied via simulations. To demonstrate the adapt-
ability of the proposed design to diverse applications, we ex-
tensively study two examples of weighted graphs. The first one
aims at delay reduction in packet delivery by using greedy net-
work embedding in hyperbolic space, greedy routing, and queue
difference scaling through topologically determined weights.
The second one weights the links using trust values, and there-
fore it evaluates the gain in trustworthiness of the paths. Sim-
ulation results show that, based on the proposed approach, sig-
nificant performance improvements (e.g., delay and trust) can
be obtained without affecting the optimal source rates achieved
when using the conventional BP-based solution of the NUM
problem.
The structure of the paper is as follows. First, in Section II,

the related work is quoted, while Section III-A analytically
describes the system model and Section III-B formulates
the problem under consideration. In Section IV, the pro-
posed weighted BP-based cross-layer algorithm is described
(Section IV-A), and its queue stability properties are analyzed
(Section IV-B). Sequentially, Section V is devoted to the anal-
ysis of the convergence properties of the proposed approach. In
Section VI, the weights' assignment issue is studied, while two
indicative examples are presented (Sections VI-A and VI-B)
to show the potential of performance improvements via the
proposed approach. Finally, Section VII concludes the paper.

II. RELATED WORK

Several attempts have been reported in the literature for
improving the performance either of the BP-based cross-layer
design or of the BP algorithm itself. Until now, these attempts
are mostly restricted to the reduction of the time delay for
packet transfer [9]–[17]. BP scheduling/routing is characterized
by high delays in packet delivery by routing packets via all
possible paths between a source–destination pair. Under this
policy, a packet may follow a long path in hops or a path with
cycles, especially under light traffic conditions where there is
not enough pressure to direct the packet towards the destination.
Specifically, the authors in [10] combine BP and shortest path
routing by imposing hop-count constraints on each flow via
an optimization framework, assuming that each node knows
a priori its hop distance from all others. This knowledge needs
to be renewed each time a node arrives or departs. Also, for the
implementation of this algorithm, each node needs to store a
queue for each destination and each number of hops, leading to
a significant increase in the number of queues stored.
Following another approach, the authors in [11] use shadow

queues (i.e., counters) for the BP scheduling/routing. In this
way, they achieve reduction of the queue lengths in steady
state with simultaneous reduction of the number of real queues
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stored, when compared to the conventional BP algorithm. In
the same spirit of “virtual” queues, the authors in [12], after
proving the relation of the backlog vector with the optimal
dual variables (Lagrange multipliers) of the optimization
problem, use this finding to develop an algorithm that puts
virtual place holder bits in queues in order to reduce delays by
forcing the system to start functioning in the steady state. The
bound in the expected average network backlog is proven to
be of order , improving [4]. This algorithm bears
the drawback of following a packet dropping approach for
compensating for the deviation from the desired Lagrange mul-
tiplier. The same delay bound is proven in [18] to be achieved
by simply replacing the first-in–first-out (FIFO) queues with
last-in–first-out (LIFO) queues, if exempting some initially
produced packets that might have infinite delays. In [13], a BP
algorithm for inelastic traffic based on packet delays instead of
queue backlogs is developed. However, though it is proven to
be throughput-optimal and shown to keep the per-flow delays
well concentrated around their mean value, and to respond to
the problem of finite and/or bursty flows, it is argued that the
average delay over the network is not improved compared to
the conventional BP.
In [9], the authors develop a weighted BP algorithm, where

the weights represent flow priorities aiming at achieving lower
delays for flows with higher priority. A priority weight is as-
signed to each flow, and this weight, which is equal for all the
links, scales the queue differences of the corresponding flow.
Furthermore, another version of weighted BP is proposed in [3],
where first the “transformed” queue lengths are computed by
adding a constant to the initial queue lengths and multiplying
the latter sum by a scaling weight, and secondly BP algorithm
runs based on the transformed queue lengths. Both the added
and scaling constants depend on each pair (node, destination)
similarly with the queues. The approach in [3] mostly aims at
reducing delays by introducing a shortest path bias in the queue
differentials.
In our work, the weights scale the queue differences and not

each queue length separately, while they do not characterize the
flows [9] or the pairs (node, destination) [3], but each pair of
link and flow's destination, determining in this way the ability
or priority of a link to help transmissions to a particular desti-
nation with respect to the desired performance criterion. There-
fore, link attributes such as link costs, reliability, trust, etc., can
be taken into account by our approach, while this is not possible
via the weights introduced in [3] and [9]. Indeed, the algorithm
in [9] is a special case of our proposed algorithm as explained
in Section VI. Furthermore, contrary to [3] and [9], our analysis
can handle time-varying weights. Finally, as shown later in the
paper, our proposed cross-layer algorithm can be adapted to di-
verse performance metrics via appropriate definition of the link
weights, contrary to all the above approaches that are only fo-
cused on delay reduction.

III. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model and Assumptions

We consider a wireless multihop network represented by a
graph, with nodes and edges. Time is slotted, and the nodes
are assumed to be synchronized in time so that at each time-slot
, they decide for routing, scheduling, and congestion control.

The scheduling/routing algorithm determines which set of non-
interfering links is going to transmit and which flows will be
served by each link, while the congestion control determines
the new arrival packet rate at each source node. We assume
that one-hop neighboring nodes cannot transmit simultaneously
(one-hop interference model). Other interference schemes al-
lowing simultaneous transmissions from nodes separated by at
least hops can also be considered. The packets generated
exogenously are assumed to arrive at source node with rate
, where only if is a source of packets for destina-

tion , which is denoted as , where is the set
of sources for node . is readapted by the congestion con-
trol algorithm at each time-slot , and for this reason, the arrival
packet rates are time-dependent . We suppose that each
node stores a queue for each destination . We denote with

the maximum possible communication traffic on the link
at time , where if the link is

scheduled at slot and , differently. Also, we de-
note with the maximum possible communication traffic
on the link for destination at time . The matrices,

, contain the links' maximum
communication traffic and the arrival packet rates, respectively,
at time .
We use the term to refer to the finite set of communi-

cation traffic matrices of all possible independent sets of the
graph, i.e., maximal sets of links that do not interfere with each
other. Let us denote as the independent sets in-
cluded in , among which the scheduler chooses one, ,
to transmit at slot . If the link , then

. If is the fraction of time that each one of
is scheduled , then we define the

rate of service of the link as .
The arrival and service rates are considered bounded, i.e.,

. Also, we use the notation for the one-hop
neighborhood of node . Furthermore, the symbol denotes
the number of all source–destination pairs in the network. Fi-
nally, let us use the term to define the subset of
consisting of the selected next-hop neighbors of toward , ac-
cording to the specific routing constraints.
Based on the above notation and system functionalities, the

dynamics on the queue length at are ex-
pressed as follows (assuming ):

(1)

The inequality is used due to the fact that each
represents the maximum communication

traffic and not the actual one. We denote by the
column array of the queue lengths of the network, i.e.,

. It should
be mentioned that in the following analysis, the quantities in
(1) are taking continuous values, following similar paradigm
in literature (e.g., [4]). The capacity region [3], , is the set
of all arrival rate matrices with only if ,
such that there exists a set of service rates
satisfying the following constraints:
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• Efficiency constraints:

.
• Flow constraints: .
• Routing constraints: if .

We use the notation , to refer to the
source rates lying inside the capacity region . However, the
flow constraints will be also specified separately.
Furthermore, we assign a weight, , to each link

and for each destination , i.e., to each pair (link,
destination). These weights will be used to achieve the per-
formance awareness of the proposed cross-layer scheme,
as it is shown later in the paper. We assume that the
weights , are positive and bounded, i.e.,

. Finally, the weights can
be time-varying as long as they are lower- and upper-bounded
by , however we do not indicate this time-de-
pendence for the ease of the presentation.
Each source node associates its satisfaction for each one

of its external flow rates , with a corre-
sponding strictly concave and increasing utility function de-
noted as . An additional assumption for the utility func-
tions, introduced in [4] and [19] mostly for analysis purposes
and adopted here as well, states that each

, should be twice differentiable, and there exist two con-
stants such that , it
holds that

(2)

In practice, this is not a restrictive assumption since it is satis-
fied by the utilities commonly used to model elastic traffic, i.e.,
the -fair utility functions (including the logarithmic one) [20],
while it also holds for the “pseudo-utility” introduced in [21] to
handle both elastic and inelastic traffic.

B. Problem Formulation
In the following, we formulate the NUM problem under

consideration. We define two indicator functions:
. The formulation of the

maximization problem in its primal form is the following:

s. t. (3)

where is a scaling factor that will affect the perfor-
mance of the proposed algorithm, especially with respect to the
delay–throughput tradeoff, as shown later in Theorems 1 and 2.
The optimal value remains invariant for all different values of
K. For reasons that will be detailed in the following analysis, we
scale the flow constraints of (3) by the quantity , leading
to the following primal problem denoted as :

s. t.

The optimization problem is convex since the objective func-
tion is strictly concave and the capacity region is convex
(linear flow conservation constraints [22]). In the next sections,

we describe and analyze the proposed performance-aware algo-
rithm, denoted as Constrained Backpressure with Queue Differ-
ence Scaling (CBP_QDS), used for solving .

IV. CROSS-LAYER ALGORITHM

A. Constrained Backpressure With Queue Difference Scaling
In this section, we describe the proposed performance-aware

cross-layer algorithm, which differs from the conventional
BP-based algorithm by performing routing and scheduling
considering weighted queue backlog differentials. The weights
multiplying the queue backlog differentials coincide with the
(link, destination) weights, determined as already mentioned in
Section III-A. Specifically, instead of computing for each link

a quantity equal to as in BP,
we compute , and this
is the reason for including in the name of the algorithm the term
“Queue Difference Scaling.” As a result, the scheduling/routing
process weights the queue difference for destination of link

by a value , thus assigning priorities to
particular links for transmission toward , choosing as cru-
cial links for performance improvement, those being highly
prioritized. It is noted here that the introduced weights serve
the purpose of link prioritization and do not explicitly affect
the source or the service rates, thus the optimization problem

remains unchanged. We need, however, to study how the
performance of the proposed algorithm is affected implicitly
due to the scaling weights (Sections IV-B and V). With the
term constrained (routing), we emphasize on the fact that each
node may use only a subset of its one-hop
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neighbors as possible next-hop neighbors for destination .
Algorithm 1 describes in pseudocode the proposed cross-layer
algorithm. It should be noted that the problem set and solved
in [4] is a special case of this one with and

.
In Algorithm 1, the notation indicates the projection

of the computed source rates to the closed set . The
parameter corresponds to the step size used in the gradient al-
gorithm for updating the source rates (line 22). It is important to
mention that the routing constraints of the Algorithm 1 (line 3)
should be well defined so that they are feasible, i.e., there are
no holes that can stack the packets to a specific node, and the
correctness of the routing in terms of leading the packet to the
destination is ensured. In the case of ,
let us denote the CBP_QDS algorithm simply as CBP.
The Queue Difference Scaling approach provides us with

freedom in choosing how to prioritize transmissions based
on the network characteristics in order to ameliorate the
performance and the quality of the network function. When
applying CBP_QDS, only links with nonnegative differen-
tial backlog for at least one can transmit
as in BP. Regarding the complexity of Algorithm 1, it is at
most the same as of BP. Lower complexity can be actually
achieved when [3], leading to the check of
less queue differences at each time-slot, which renders the
implementation faster. Moreover, an appropriate design of
the sets , can reduce delay in packet delivery by
avoiding long paths in hops or paths with cycles (especially
under light traffic conditions) while maintaining the possibility
for multipath routing, ensuring that the packets make progress
toward their destinations. In this spirit, in Section VI-A, we
introduce feasible greedy routing constraints, while in [10],
the design of the (feasible) routing constraint sets is based on
hop-count constraints imposed on the flows. With respect to
the distributivity issue, the CBP_QDS algorithm if combined
with a CSMA-based BP scheme [7] results to a completely
distributed implementation. The method followed in [7] can be
modified, so that the transmission aggressiveness of the CSMA
algorithm for the link and destination is characterized
by the product of the weight and the queue difference

instead of the queue difference alone.

B. Study of the Queue Stability of CBP_QDS

In this section, we prove that under Algorithm 1 the sum of
queues in the network remains bounded when time tends to in-
finity and its upper bound (tied with delay by Little's theorem)
is proportional to the scaling factor .
Theorem 1: Assuming that , where is a pos-

itive constant, we can find a finite positive constant , so that
.

Proof: Based on the relation of queue dynamics [(1)], it is
easily computed that

(4)

As aforementioned, . Due to
the maximization in line 12 of Algorithm 1, each summand of
the form , with
optimal , is nonnegative or, in other words,
whenever . Therefore, we can write that

(5)

where the service rates are chosen by the maximum
weight matching (scheduling as in Algorithm 1). Also

(6)

We define the Lyapunov function,
and we study the Lyapunov Drift

(7)

where is an upper bound of
. Therefore,

we conclude to the following inequality:

(8)

where the service rates are chosen by
Algorithm 1. Let us suppose that is the maximum
possible arrival rate that can be supported concurrently
by all source–destination pairs in the network. We add
and subtract at the right-hand side of (8) the quantity

defined for an satisfying
. In addition, we take into considera-

tion the fact that the flow rates ,
lie inside the capacity region . The latter observation is the
result of the assumption about (i.e., that can be supported
by the network) and means that there are service rates so
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that [4]

(9)

where the are chosen by the CBP_QDS algorithm. As a
result, (8) becomes

(10)

In the following, a similar procedure with the proof of
[4, Proposition 1] can be followed, so as to show that for

where is a large enough and
finite constant. The only two differences are: 1) we consider
that the variable introduced in the proof of Proposition 1 in [4]
satisfies ;
and 2) if , then , where

. Therefore, we can also conclude that
, where is a large

enough positive finite constant.
At this point, we should note that for the CBP algorithm, i.e.,

, Theorem 1 holds for , as
in [4]. Indeed, the weights can reduce the value field
of to . It is important to mention
that CBP without congestion control is throughput-optimal, en-
suring stability of queues for the entire capacity region with
the corresponding routing constraints, while CBP_QDSwithout
congestion control is proven in [14] to ensure stability for at
least a part of the capacity region that increases as de-
creases, leading to throughput optimality (the whole with
the related routing constraints) when . Therefore,
for both algorithms, from Theorem 1, the congestion control en-
sures that the source rates lie in the corresponding part of the ca-
pacity region so that stability of queues is always achieved. It is
noted that additional constraints are assumed here with respect
to . The quantity
can become very small by assigning a infinitesimal value to

. The use of the maximum weight value in the Lyapunov
function allows us to handle time-varying weights supposing
that these are upper- and lower-bounded and leads to the emer-
gence of the maximum weight matching solved by CBP_QDS
[via Relations (5) and (6)] in the proof.

V. CONVERGENCE ANALYSIS OF THE CONGESTION
CONTROLLER

After analyzing the queue stability properties of the
CBP_QDS algorithm, we focus on the study of the conver-

gence as , of the source rates computed
by CBP_QDS, toward the optimal sources rates
solving the problem . Briefly, Theorem 2 states that the
source rates computed by CBP_QDS converge to a bounded
neighborhood of the optimal ones that depends on the max-
imum and minimum weights' values, , and the
constant . Specifically, as increases, this neighborhood
area decreases, indicating better convergence, while for high
values of , lower values of and lead
to smaller neighborhood of convergence around the optimal
values.
Theorem 2: Assuming that is a positive

constant, then,

where are both independent of
and increasing with , and is defined in Appendix C.

The upper bound of increases with simultaneous
increase of or with decrease of and
scales in worst case up to linearly with .
Before presenting the proof of Theorem 2, we need first to

formulate the dual problem of and then prove two lemmas
to be used in the proof procedure. This is due to the fact that the
proof of Theorem 2 is founded on the interaction between the
primal and dual problems. Specifically, we aim to prove con-
vergence of queues (obtained via Algorithm 1) to a bounded
neighborhood of the optimal Lagrange multipliers of the dual
problem and use this finding in the proof of Theorem 2. The
proof of Theorem 2 follows a different approach than the cor-
responding theorem for the conventional BP in the literature
[4], as the existence of the per-pair (link, destination) weights
scaling the queue differentials does not permit the direct use of
that methodology and especially the use of all bounding tech-
niques of the Lyapunov drift of [4].
To construct the dual of the optimization problem , we as-

sign to each flow conservation constraint a La-
grange multiplier (assuming ) [22]. For the
ease of presentation, we consider a column matrix of Lagrange
multipliers , i.e., . Recall that

represent the matrices of the links' service
rates and the sources' arrival rates, respectively. The dual func-
tion becomes

(11)
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(12)

where the inequality—which also separates the duals
—holds for the same Lagrange multipliers in its left-

and right-hand sides and is due to the fact that, because of
the maximization with respect to will be assigned the
zero value for the summands with negative difference
[similarly to (6)]. As a result, constitutes a lower bound
of and can be matched to the more “conservative”
primal problem as follows:

s. t.

We use the characterization “conservative” as while the arrival
rates remain the same, the service rates decrease from
to . The solutions of the duals in Relations (11)
and (12) correspond to solving the minimization problems:

. Both problems
are convex, with strictly concave objective function, thus they
have unique optimizers, denoted here by . Also, both
problems satisfy the strong duality conditions [5], thus there is
a set of Lagrange multipliers for each one, such that

.
Following, we develop a subgradient methodology [23] for
approximating a solution, , of the dual . It has been
shown [5], [23] that a subgradient for the dual problem , at
recursion , can be defined as follows :

(13)
where are chosen through the maximiza-
tion appearing in for at , given . Let us denote
as a column ma-
trix of all . Consequently, the recursive equation for the
determination of the Lagrange multipliers of is constructed
as follows ( ):

(14)
where is an appropriately determined constant.
In the following, we analyze the relation that exists between:

1) Algorithm 1 (CBP_QDS) along with the corresponding
queue renewal relation [(1)], and 2) the solution procedure of

via the subgradient methodology [(14)], and study when
equivalence between them holds. This analysis will be used to
prove the convergence of the queues in a bounded region of
the optimal Lagrange multipliers. Briefly, we will introduce
an error in the subgradient to mimic the evolution of queue

lengths under the proposed cross-layer algorithm based on the
weighted BP. More explicitly, (1) is of similar form to (14),
with the following two differences.
1) In (1), the choice of has been performed similar

to the dual of the conservative problem [(12)], i.e.,
via (see
Algorithm 1, lines 5 and 12). In (14), is chosen via maxi-
mizing as this derives by
(11). Note that it can be shown as in [20] that the selection of
the optimal service rates at slot through the maximization
in [(11)] reduces to the selection of an independent set as in
Algorithm 1 (extreme point maximizer).
2) In (1), has been computed by a gradient algorithm

(Algorithm 1, line 22), which does not converge to the optimal
value of at each time-slot by not repeating itself a sufficient
number of times, while in (14), the optimal value of can be
obtained via directly differentiating (11) with respect to it.
Based on the above, in order for the similarity between

Lagrange multipliers and queues to hold via their renewal
relations, we should introduce an error in the maximiza-
tion for obtaining the dual by actually underestimating

. This is achieved by two modifications in the optimal
maximization for . First, instead of obtaining via

, we solve
, and second,

we obtain by a gradient algorithm as described in Algorithm 1.
Specifically, the dual is computed by performing approx-
imately the maximization in (11) with respect to , and
this leads to the involvement of an error in the subgradient. In
addition, for this similarity between to hold, we
should also assume that . Under
the above assumptions for the error in maximization for ob-
taining the dual , denoted as at slot , Proposition 1
shows that (13) is an -subgradient [23] of the problem

. Actually, the definition of the -subgradient includes
the error , compared to the definition of the subgradient,
i.e., an -subgradient, of at sat-
isfies the following relation [24],

.
Proposition 1: If is obtained through the maximization

appearing in with respect to [(12)] and through a
gradient algorithm as in Algorithm 1 (line 22),
is an -subgradient of . Also, is upper-bounded by an
appropriately defined constant, .

Proof: The proof is available in Appendix A.
We continue by studying the approximation of the optimal so-

lution of through (14) using both constant step size, ,
and the -subgradient. In this case, due to the equivalence in
the evolution of the queues of CBP_QDS and the dual variables,
using Theorem 1, it can be stated that the dual variables are
also upper-bounded by a quantity proportional to . In order to
study the convergence of the -subgradient methodology, we
use [24, Theorem 5.1]. For completeness purposes, a detailed
description of a part of this theorem can be found in Appendix B.
Briefly, this theorem states that if all the algorithmic quantities
are bounded, i.e., , where need not be
a diminishing step size, then the -subgradient-based renewal
relation [(14)] converges to a bounded region around the set of
the optimal values, of . Let us define the dis-
tance of from a set as , where
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is the Euclidean norm. Also, stands for the ball with center
0 and radius .
Lemma 1: If is the optimal value of the primal problem
, obtained via the -subgradient approach and an ap-

propriately defined constant value then it holds that:
. Furthermore,

all the cluster points of , the set of which is , lie
in the set , i.e., in a bounded neigh-
borhood of . are defined in Appendix C. Also,

.
Proof: The proof is available in Appendix C.

Lemma 2: The column matrix of queues computed by

Algorithm 1, , has a set of cluster points ,

which lie in the set . Also,
.

Proof: Due to the aforementioned similarities between
Algorithm 1 and the solution procedure of with the de-
scribed -subgradient methodology, and especially the
equivalence of , the lemma's statement is straightfor-
ward. Each one column matrix is multiplied by as
implied by the form of Relations (1) and (14).
At this point, we refer to the Appendix D for the proof of

Theorem 2.

VI. WEIGHTS' ASSIGNMENT STUDY AND RESULTS
In this section, we discuss and study the weights' assignment

problem in order to gain some insight about how the weights'
values can be determined based on different QoS metrics of in-
terest. Specifically, we discuss and study via simulations how
choosing the weight values impacts convergence, throughput
(optimal rates and capacity region), fairness, and performance
improvement. In the framework of this study, two specific ex-
amples are presented, where the weights' assignment issue and
the benefits from applying the proposed cross-layer scheme are
examined in detail. Before proceeding with the presentation of
our study and quantitative results, we list some indicative QoS
metrics of interest along with high-level qualitative guidelines
for the weights' determination.
1) Link Costs/Delays: can be formulated as a non-

increasing function of the cost value on the link with re-
spect to packet forwarding toward the destination node , prior-
itizing in this way low-cost links to be included in the transmis-
sion schedules and the routing paths.
2) Trust: can be formulated as a nondecreasing

function of the trust value assigned from node to concerning
the packet forwarding toward the destination . may
also take the same value for all on the link . Example 2
in Section VI-B studies in more details the application of trust.
3) End-to-End Packet Delay: Toward improving the delay of

packet transfer, characteristics of the network's topology, such
as node pairs' distances and connectivity, should be taken into
consideration for the weights' assignment (for details, see Ex-
ample 1 in Section VI-A). Another option is the use of the time
delay of the first packet in the FIFO queues to determine the
per-pair (link, destination) weight values [13].
4) Reliability: In time-varying wireless channel conditions,

the weights can be determined via the probability that the link
will correctly transmit the packet at each time-slot. This allows

Fig. 1. CBP_QDS: simulation study on the weights' values. (a) Monte Carlo
for mean optimal arrival rate values. (b) Monte Carlo for variances of optimal
arrival rates among flows. (c) Dependence on the value. (d) Dependence
on the .

to include with higher priority in the schedule links with high
probability of correct packet transmission.
5) Flow Prioritization: In this case, the per-destination

queues will be replaced by per-flow queues, and the weights
will be identified with the priority assigned

to flow (as in [9]), which may also be time-varying. In
this case, where , the proofs of
Theorems 1 and 2 can be repeated by replacing with

, leading to tighter
relations and error bounds. If there is not dependence of the
priority on time, i.e., , throughput optimality is
easy to be shown as a special case of our proofs.
In all of the above cases, appropriate normalization of the

weights' values is needed to ensure that these are upper- and
lower-bounded for all times. The upper and lower values of the
weights affect the part of the capacity region for at
least which the CBP_QDS algorithm provably stabilizes the net-
work (without congestion control) [14]. This part of the capacity
region approaches the whole capacity region as decreases
to unity. It should be noted that this is a lower bound on the
achieved part of the capacity region, and the latter part may also
depend on the distribution of the weights on the links. Therefore,
it is expected that when are close enough, the loss in
throughput will be small, which may, however, lead to a counter
effect in the QoS improvements due to the less differentiation
among the link priorities, i.e., in this case the queue differentials
and not the weight values dominate in the differentia-
tion among the weights (line 5, Algorithm 1), which are
used in the scheduling/routing process. This tradeoff is shown in
Example 1 in Section VI-A. Furthermore, in that case, the sub-
gradient error (Appendix A) tends to zero, a fact that implies a
small value of with respect to , leading to similar conver-
gence results as in the BP algorithm [4] (Theorem 2).
In the following, we study first through Monte Carlo sim-

ulations how the distribution of the values of the weights on
the links affects the achieved mean optimal arrival rate value
and the variance of the optimal arrival rates for all flows in
case of fixed . In the sequel, we tune the
values and study again the optimal arrival rate values (mean
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value and variance). We consider a 3 3 grid topology with
two destinations and the nodes produce packets for them, ex-
cept themselves. Via Monte Carlo simulations, in each run, the
link weights change following the uniform distribution between
fixed values, with close to zero and .
Fig. 1(a) and (b) depicts the histogram of the mean optimal
rate values and the variances of the optimal rates among flows.
Each run has a duration of 5000 time-slots and . More
than 80% of weight realizations led to very similar mean op-
timal rates (0.11–0.12) and variances , concluding
that changing the weight values uniformly with fixed
does not significantly impact these quantities.
Fig. 1(c) illustrates the dependence of the mean arrival rate

for all flows on the value where remains
stable. This practically means that the lower bound on the
achieved part of the capacity region by the CBP_QDS algo-
rithm does not change. The value corresponds to
a random realization of the weights on the previous topology
and flow pattern, while its increase is achieved via multiplying
all the weights with the value in Fig. 1(c). Averages are
taken over 10 different simulations. As also expected (from
Algorithm 1, line 22), the increase of penalizes more the
congestion on the source node (queue length) leading to lower
arrival rate values. This observation also holds for the BP algo-
rithm when the same congestion control is used (i.e., all weights
are equal to ), as shown in Fig. 1(c). Furthermore, low

and values [e.g., for in Fig. 1(c)]
indicate better approximation of the solutions computed by BP,
as expected from Theorem 2.
Finally, keeping stable, we tune the value

via raising to powers the weights of the topology
corresponding to the value of Fig. 1(c) (while keeping
the same flow pattern). Increasing may reduce the
achieved part of the capacity region by CBP_QDS while also
increasing much the differentiation among the weight values.
The results are shown in Fig. 1(d). It is observed that at smaller
values of , which correspond to lower powers, the
mean optimal arrival rate is higher and approximately equal
to this of BP [Fig. 1(c), ], while as the
value increases, the mean optimal rate decreases entering
another area due to the reduction of the achieved part of the
capacity region. After reaching this area, the mean optimal rate
is approximately stable for the examined values of powers. On
the contrary, the variance is increasing, letting as state that the

affects the variance of the optimal rates among the
flows, i.e., the fairness of the optimal source rates' assignment.
A. Example 1: Delay Reduction
In this example, we specify the weights' assignment and eval-

uate the performance of CBP_QDS algorithm in the case that
the considered QoS metric is the time delay of packet transfer.
We also provide comparisons between two different weights' as-
signments and the Shortest-path-aided Backpressure Algorithm
(in the following we refer to as SPA_BP) [10] already presented
in Section II.
We consider greedy routing constraints and define the (link,

destination) weights via the node pairs' distances. It has been
shown in the literature [25] that greedy routing (the sender for-
wards the message to a neighbor, reducing the distance to the
destination) is always successful, i.e., there are no local minima
in distance, if the network is greedily embedded in hyperbolic

space. Since every network has a greedy embedding in hyper-
bolic space [25], a fact that is not true for the Euclidean space,
we consider a greedy embedding of a wireless multihop net-
work in hyperbolic space (using the Poincaré Disc model) via
the distributed algorithm of [26]. Then, we define the (link, des-
tination) weights via the hyperbolic distance function, where
the hyperbolic distance [26] for two points is denoted as

.
First, we impose greedy routing constraints on the BP algo-

rithm by determining as possible next-hop neighbors for a spe-
cific destination only “greedy” neighbors, i.e., those that strictly
reduce the hyperbolic distance to the destination. In this case,

constitute feasible routing constraint sets due to
the greedy embedding of the network in hyperbolic space. It
should be noted that this configuration still allows for multipath
routing, although only via paths with direction toward the desti-
nation. Furthermore, it is shown in [26] that the paths paved by
greedy routing in hyperbolic space between the source–destina-
tion pairs present low stretch with respect to the corresponding
shortest paths.
To explain our intuition behind the definition of the (link,

destination) weights, let us consider a wireless multihop net-
work, where all links contend each other. According to [28], it
is delay-optimal to schedule the packet that is closest to the des-
tination in terms of hop distance. This policy minimizes the sum
of queue lengths in the system at all times independently of the
arrival processes and drains out the system in minimum time,
which as stated in [28] is a necessary condition for achieving
delay optimality. Inspired by this fact, we study the case that the
weights have values that express structural properties
of links considering a specific destination, i.e., how close they
are to the destination node in hyperbolic distance, and/or how
much they shorten the hyperbolic distance of a packet toward
the destination. If links closer to the destination or/and links that
shorten much the distance of the packet toward the destination
are more likely to be scheduled, the system will drain out faster,
and the delay will decrease. Based on some initial simulation
results [14], a good delay performance can be achieved by the
weights

(15)
It is important to mention that the greedy routing constraints
are necessary, so that the scaling weights used have the correct
meaning, i.e., express reduction of distances.
We also examine an alternative definition of weights by

letting aside the greedy routing constraints, although still as-
suming the network is greedily embedded in hyperbolic space.
Particularly, for each link , destination pair, the fol-
lowing holds: If ;
else if ; else if

; and otherwise
. These weights assign higher priorities to links

closer to the destination, while setting the weights of the links
turning away the packet from the destination to nonzero but
very small values, a fact that maybe helpful under higher traffic
conditions. For the rest, we denote the CBP_QDS algorithm
with the latter weight configuration as .
1) Comparative Results for Inelastic Traffic: Initially,

we consider fixed source rates (i.e., Algorithm 1 without
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lines 17–22). The topology is a 4 4 grid. Regarding the traffic
model, each node at each time-slot chooses a random destina-
tion node and generates a packet for it with probability ranging
from to . Throughput is computed for each
flow as the percentage of packets that successfully reached
its destination and is averaged over all flows. Considering
the CBP_QDS algorithm, we determine the weights via (15),
choosing exponents , aiming to achieve good
performance (i.e., low delay) via increasing , as dis-
cussed in Section VI. For the examined scenario,
has a lower value than CBP_QDS.
Fig. 2 compares the algorithms BP, CBP_QDS, ,

SPA_BP, and CBP in terms of delay, throughput, and number
of hops of the routing paths. It can be observed that CBP,
CBP_QDS, , and SPA_BP outperform BP under
light traffic conditions, assuring low delays and routing path
lengths and high throughput. Light traffic does not create
enough pressure, leading to long paths or paths with cycles
for the BP algorithm, while all the other algorithms limit the
paths followed by the BP to those directed toward the desti-
nation. CBP, CBP_QDS, and start to decrease
their throughput at lower traffic than BP and SPA_BP, which
indicates that they achieve a smaller fraction of the capacity
region. CBP has a similar behavior with BP for higher traffic
with respect to delay while achieving less throughput since the
routing constraints constitute a caveat in heavier traffic con-
ditions, where path diversity helps for increasing throughput.
Indeed, for CBP the reduced capacity region compared to
BP is due to its greedy routing constraints. By proper queue
difference scaling, via CBP_QDS, the delay of CBP can be
reduced with however a greater impact on throughput. On the
contrary, via the alleviation of the strict greedy
routing constraints—soft greedy routing constraints still exist
due to the particular weights' assignment—and the use of
proper queue difference scaling leads to a better throughput per-
formance than CBP and CBP_QDS. Specifically,
achieves a larger part of capacity region as it starts reducing its
throughput at higher traffic than CBP or CBP_QDS, while it
also achieves higher mean per-flow throughput. The delay of

takes lower values than BP for both low and high
traffic conditions.
However, CBP_QDS outperforms in terms of

delay. The same observations hold if we replace the strict greedy
routing constraints with soft ones similar to . A
tradeoff emerges here, as aforementioned in the beginning of
Section VI, since in is less than in CBP_QDS,
better throughput (especially with respect to the achieved part of
the capacity region) and less performance (here delay) improve-
ment is expected. Finally, compared to SPA_BP, CBP_QDS can
lead to as low average delays as the SPA_BP, while being sig-
nificantly less computationally complex, extendable to dynamic
networks [27] and maintaining the same number of queues as
BP.
2) Performance Results for Elastic Traffic: In the sequel,

we consider elastic traffic and congestion control. We study
the CBP_QDS algorithm and compare it to the CBP algorithm,
and also to the BP algorithm [4]. We examine the case that
the CBP_QDS has greedy routing constraints, and thus we
should compare its optimal rate values to the CBP algorithm,
so as to isolate the effect of the queue difference scaling.

Fig. 2. Comparisons of performance for the following algorithms: BP, CBP,
CBP_QDS, , SPA_BP. (a) Average per-flow delay. (b) Average
per-flow throughput. (c) Average path in hops for all successfully transmitted
packets.

TABLE I
RESULTS FOR EXAMPLE 1 AFTER 15 000 SLOTS

The congestion controller is the same for all algorithms. We
examine and compare different values for with respect to the
achieved delay and convergence close to the optimal solution.
For this purpose, we build a 4 4 grid network at the physical
layer. Each node communicates with two others, not directly
connected in physical-layer nodes, specified randomly. At
each time-slot, each node generates a packet for each one of
its destinations with probability determined by the congestion
control. The utility function used is of logarithmic form, i.e.,

, which expresses fairness [20] among dif-
ferent flows. Table I provides for each one of the algorithms BP,
CBP, and CBP_QDS information about the delay, throughput,
mean optimal arrival rates, and variance of the optimal arrival
rates among flows (related to fairness) for all examined values
of , after a specific value of for which convergence is
achieved for each one of them. For the CBP_QDS, the scaling
function used after extensive experimentation is (15), with
exponents , aiming to trade off convergence to
the optimal values of the arrival rates and delay improvement
following previous discussions.
By comparing the results of Table I, especially the bold-typed

lines, we observe that the CBP_QDS algorithm can significantly
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Fig. 3. (a): Example 1. Mean arrival rate (for all flows) convergence for BP,
CBP, CBP_QDS. (b): Example 2. Topology to study how weights may impact
fairness.

reduce delays (in this case more that 30%) compared to BP and
CBP, while not impacting throughput with respect to CBP. It
is observed that the best performance for each algorithm (as-
suming convergence), is achieved at different values of . Also,
by increasing , delay (also the sum of queue lengths) is in-
creased as expected by Theorem 1. With respect to the mean
per-flow throughput, CBP and CBP_QDS outperform BP. Re-
garding the optimal arrival rates, CBP_QDS achieves a slightly
higher mean value compared to BP and CBP, while on the other
hand, it increases by an order of magnitude the variance around
the mean value of the optimal arrival rates, indicating a loss of
fairness (however the variance is still small enough compared to
the mean optimal arrival rate). Fig. 3(a) illustrates and compares
the convergence to the mean optimal rate value for the three al-
gorithms after one simulation run and for the specified value of

in the legend. It is observed that convergence has almost the
same behavior for all of them.

B. Example 2: Improving the Trustworthiness
This example, contrary to the previous one, focuses on the

quality of message transfer instead of the speed of the packet
delivery. This is motivated by the fact that in some applications,
the emphasis is placed on the trustworthiness of the selected
paths rather than their delay characteristics [29]. Toward this
direction, we consider the following set of weights: If ,
then coincides with the trust that node shows for
node , while if , then . The trust value
may express the opinion that has for the forwarding ability of
node . We consider that the trust values are assigned uniformly
and randomly in the interval , and a higher value means
higher trust that node puts on node for message forwarding.
Let us define the trustworthiness of a source–destination path as
the product of the weights of the directed links lying on it [29].
We are interested in comparing the trustworthiness of the paths
paved by the BP algorithm and the CBP_QDS, with

. We consider exactly the same communication
model as the previous example (Section VI-A), while again the
values of are above the threshold for which convergence is
achieved. From Table II, it can be observed that the CBP_QDS
algorithm can improve the trustworthiness of the traversed paths
approximately up to 70% compared to BP, without deviating
much from the delay, the throughput and the mean optimal rate.
In the following, we study in the framework of trust an im-

plication caused by the use of weights on the fairness that is
strived by most utility functions modeling elastic traffic [20].
We consider the topology of Fig. 3(b), where there exist two
flows, . Logarithmic utility functions are as-
signed to sources 1 and 6 as previously. All the weights (trust

TABLE II
RESULTS FOR EXAMPLE 2 AFTER 15 000 SLOTS

values) are equal to 0.5 except from the ones specified sepa-
rately in Fig. 3(b). It can be observed that source 1, contrary to
source 6, is connected to only untrusted links toward its desti-
nation. Under these conditions, CBP_QDS leads to unfairness
in the optimal source rates' distribution, assigning a rate close
to 0.17 to source 1 and 0.83 to source 6, while BP leads to a fair
rate distribution, i.e., achieves a rate around 0.5 for both sources

. However, CBP_QDS increases the
trustworthiness of the routing paths, leading to a value around
0.1 contrary to 0.067 of BP, a fact that is achieved by sched-
uling more often the packets of flow that pass through
more trusted links. Thus, although leading to less fair optimal
source rates' distribution, CBP_QDS consumes the network ca-
pacity with higher probability of correct packet transmissions
since the packets generated by source 1 are less likely to reach
in their entirety to the destination. One way to control the un-
fairness is to allow the links (1, 2) and (1, 4) to scale their queue
differences (for node 8) with correspond-
ingly, with probability and with with probability

(similar technique with - of [18]). This leads to a
tradeoff between fairness and trustworthiness, i.e., for ,
CBP_QDS achieves a rate for source 1 and for
source 6 while reducing the path trustworthiness from 0.1 to
0.085.

VII. CONCLUSION
In this work, a performance-aware cross-layer framework

was introduced and evaluated through analysis and simulations
for joint scheduling, routing, and congestion control in wireless
multihop networks. The proposed framework is founded on
NUM, while incorporating a novel weighted BP algorithm. The
latter is the key enabler of the holistic nature of the proposed
approach, allowing the adaptability of the framework to the par-
ticular QoS demands of each application under consideration
via proper specification of the weights. Overall, the proposed
framework provides a promising direction for designing in
an efficient way cross-layer protocols, offering effectiveness
with respect to throughput, while simultaneously achieving
significant performance improvements according to the special
metrics of interest and demands of each application.

APPENDIX A
PROOF OF PROPOSITION 1

Proof: The dual function can be written as follows:

(16)

We prove that is an -subgradient of at
by following a similar procedure as in [23]. We consider
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that the maximum in (16) is underestimated over a value ,
which will be upper-bounded in the following. Therefore

(17)

According to [23] and [24], is an -subgra-
dient for at . In order to upper-bound , we separate
it in two parts, , where is due to the error with
respect to and is due to the conservative maximization
with respect to . To upper-bound , we observe that since
the evolution of is equivalent to the one of , we can
use Theorem 1 and state that each is upper-bounded
by a quantity proportional to , i.e., a constant,
as . Obviously, each is finite for finite and can be
easily upper-bounded by its renewal relation [(14)]. Also, max-
imizing with respect to , both

and will yield the same
independent set. Therefore, we have

(18)

Similarly, for upper-bounding , we observe that

(19)

where is computed by Algorithm 1. We denote
, which is increasing with and

, if is stable or reduces. It should be noted that the
error emerges also in [4] and is shown not to impact
performance (throughput, convergence, queue lengths).

APPENDIX B
THEOREM FOR CONVERGENCE ([24, THEOREM 5.1])

In this appendix, we quote the part of [24, Theorem 5.1] that
is used in the proof of Lemma 1 (Appendix C). For a more
analytic description and the proof, the interested reader should

refer to [24]. Let us consider the convex constrained minimiza-
tion problem, , where is a
closed, convex set in the Euclidean space with inner product

and norm , and is a closed proper convex function fi-
nite on . Let us denote the optimal solution set as

. We also define , where equals
0 only if and in any other case. Then,

and . The approximate subgra-
dient projection method generates a sequence
via , where is the step size, is the
approximate subgradient of with error tolerance at itera-
tion , and projects on the set , i.e.,

.
Suppose that

is bounded, and
. The following quantities are

defined: and . Then,

.
Define and suppose that is nonempty and
is large enough. Then, and

where .
One of the statements (used in this paper) of this theorem is:
1) ; and 2) the cluster points of lie
in .

APPENDIX C
PROOF OF LEMMA 1

Proof: Before analyzing the assumptions of [24, Theorem
5.1], let us consider the problem with perfect maximization
with respect to and . Since strong duality holds,

. In this case, is a subgradient of
[5], and (14) with a suitable constant step size will lead

to a close enough neighborhood of the optimal value [6]. If
diminishing step size is used, the convergence of the algorithm
to the optimal solutions, , is guaranteed [6]. In addition, the
set is nonempty and consists of bounded optimal values of
since has a unique solution. Using results from [4] and [12],
we can define as , where

is an appropriately large constant, and contains at
least one optimal solution . Therefore, we get
(Appendix B). Assume without loss of generality that

. is a closed proper convex function over as being
continuous on [6] and dual function (thus convex) [22]. Also,
(Appendix B) can become large enough, e.g., to cover .
Now, we return back to the assumptions of [24, Theorem 5.1].

We use constant step size, i.e., is constant and
bounded, while . We choose constant step size
so that the Lagrange multipliers change exactly similar
with multiplied by , and thus by examining the
convergence of the Lagrange multipliers, we can make some
statements about the convergence of the queues (see Lemma 2).
Also, as already discussed, the sequence is bounded
(Appendix A). Regarding the subgradient , it can be easily
observed that .
As a result, . Fur-
thermore, using the observations from Appendix A, it holds

, and thus we fulfilled the check of
the assumptions for the limits of the algorithmic quantities.
In [24, Theorem 5.1], it is defined and used one more

quantity equal to
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. We define the set

. In addition, we de-
fine the values

, since
and

is defined accordingly. In other words, is the maximum
distance of all from the optimal set . Then,
all the cluster points of , the set of which is ,
lie in a neighborhood of , diverging from some of the
optimal solutions at most , i.e., lie in the set

. Furthermore, the same theorem also
states that . As a result, if we de-
note the optimal value of the dual problem obtained via the

-subgradient methodology as , then we can write that
, where is a bounded constant.

Let us use as (approximate) optimal value of the primal
problem, , the optimal value of the dual problem,
i.e., . Then, using the fact that approxi-
mates from above the optimal value [22] it holds,

.

APPENDIX D
PROOF OF THEOREM 2

Proof: Let us denote as an optimal Lagrange
multiplier minimizing the problem . can be assumed to
be unique as in [12]. We define the Lyapunov function

(20)

where are the elements of the matrix , i.e., the op-
timal source rates of . It holds that .
As a result, by taking out the projection to the set of
the congestion controller of the CBP_QDS algorithm, we have
that

.We study the Lyapunov Drift,

(21)
For the optimal solutions of the problem , it holds that

(22)

After multiplying (22) with and summing over
all , we subtract its left-hand side and add its
right-hand side on the right-hand side of (21). Also, if is suit-
ably chosen so that , we have

(23)

where in a similar way that it is proven in [4] by using
the property of the utility functions of (2), we have that

. Now, we sum (23) over
, divide by , and take , in both parts

(24)
where, as in [4] and by using Theorem 1, it is proven
that

, where is increasing with
assuming large value of Theorem 1.

By using Lemma 2, it can be easily shown that

. Also, let ,
increasing with

(25)

where, and
. (see Appendixes B and C for its form) de-

pends on the errors (Appendix A) that increase with
correspondingly. The statement of the theorem

for comes out after tedious details while studying
the quantity derived when solving

. From its form, , in the worst-case scenario (due to the
loose bounds on the error, Appendix A), will be proportional
to , i.e., where is a constant. In this case, (25)
becomes

(26)

where , which can become very small for
low values of and high values of [(2)]. To conclude,
by increasing , we can lead to a more limited neighborhood
around the optimal solution for the exogenous source rates.
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