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Abstract. This paper considers the consensus decision-making problem of spatially distributed
multiagent systems with multiple leaders, where the leaders have the preference about the destination,
while the followers have no such preference. The agents have limited capability to sense the movement
information of their local neighbors determined via the spatial relative distance, and make movement
decisions accordingly. The objective is to guide the followers to move with the same preferred
direction as leaders have (i.e., reaching a stable consensus). We provide detailed analysis for the
information transfer between the subgroups of leaders and followers, and establish quantitative results
on the proportion of leaders needed to reach the stable consensus for two cases: leaders with the
same preference and leaders with different preferences. For the system where the leaders have the
same preference, we provide an upper bound (impossibility theorem) and a lower bound (sufficient
condition) for the proportion of leaders needed in reaching the stable consensus. When the leaders
have two different preferences, we provide a sufficient condition and a necessary condition on the
proportions of two subgroups of leaders to achieve stable consensus decisions.
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1. Introduction. The study of multiagent systems (MASs), such as bird flocks,
fish schools, people in panic, cooperation among species, opinion dynamics, has attracted much attention from researchers in diverse fields; see [1], [2], [3], [4], [5], [6], [7]
among many others. Consensus, meaning that all agents reach the same state, is a basic collective behavior. It has been extensively investigated over the past decade due
to its close connections with some natural phenomena (e.g., flocking in biological systems and magnetization in physical systems), and its wide applications in engineering
systems (cf. [8], [9], [10], [11], [12], [13]).
Some theoretical results for the consensus analysis of MASs have been given in,
e.g., [14], [15], [16]. In most existing work, we see that reaching consensus needs the
system parameters to satisfy certain conditions on neighbor graphs or model parameters, and the states resulting from the self-organization may not be what we expect
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even if the system can reach consensus. However, in some practical situations, we
require that the agents reach the desired consensus states, for example, leading the
people in panic to the safe place, guiding the bird flocks to avoid collisions with obstacles. How to induce an MAS to the desired behavior is one of the important topics
in the investigation of MASs. In many biological systems and social networks, there
are a small number of special agents (leaders) with the preference about the moving
direction and they can help guide the whole population (cf. [17], [18]), which inspires
us to intervene in an MAS by leaders. This paper will quantitatively investigate the
proportion of leaders needed for the consensus decision making. Some theoretical
results for the MASs with one leader have been presented in the fields of control and
robotics. For example, Jadbabaie, Lin, and Morse [14] considered the MAS where the
leader has a constant signal. The proportional and derivative-like discrete-time consensus algorithm was proposed in [20] to track the leader with a time-varying signal.
The leader-follower model where the input of the leader is unknown was considered
in [21]. The consensus of the leader-follower model with second-order dynamics and
the Lagrange dynamics has also been considered (cf. [8], [22], [23]). Most of theses
results require the neighbor graphs to satisfy a certain connectivity assumption. We
remark that the connectivity of static graphs has been investigated in wireless sensor networks; see [24] and [25]. But these results are not suitable to deal with the
system considered in this paper since here the neighbor graphs are determined via
the states of the system, and thus coupled with the states of the system and dynamically change over time. How to verify or guarantee the connectivity conditions of
the dynamical system has been a challenging issue. For continuous-time dynamics,
the potential function method is often used to design the control law of agents such
that they can track the reference signal of leaders; see [29], [30], [31] with different
design of potential functions. While for the discrete-time systems with first-order and
second-order dynamics, the connectivity maintenance problem has been investigated
in, e.g., [26], [27], [28], where the distributed algorithms are designed such that the
positions of the agents converge to a common point. These results are not feasible to
deal with the consensus decision-making problem under consideration since the local
rules of leaders and followers cannot be designed, and the number of leaders needed
for consensus is not concerned.
A further development is to introduce multiple leaders into the system. MASs
with multiple leaders widely exist in biological systems and social networks (cf. [17],
[18], [33]). The investigation of such systems is generally more complicated and challenging. Couzin et al. [19] proposed a spatially distributed leader-follower model to
study the influence of the proportion of leaders to consensus decision making, and
they presented some qualitative results by computer simulations. When the leaders
have the same preference, the larger the population size, the smaller the proportion
of leaders required for the stable consensus. If there are two subgroups of leaders
where each has one preferred direction, and the number of one subgroup of leaders
is larger than that of the other, then the followers track the preferred directions of
leaders who are in a majority, even if the majority is small. Motivated by this work,
some theoretical results for MASs with multiple leaders have been established. Gustavi et al. [32] presented a sufficient condition on the number of leaders to guarantee
the agreement of the positions for fully connected neighbor graphs. Nabet et al. [34]
considered the MASs with two subgroups of leaders, each having one preferred direction. Some theoretical results concerning the consensus decision making have been
presented under the assumptions that there is no autonomous agent in the group,
and all agents are coupled together by all-to-all communication. Leonard et al. [35]
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relaxed these limitations, and provided the threshold of disagreement of preferences
for the stable consensus. Though these theoretical results were obtained, quantitative
analysis for the influence of the proportion of leaders on the consensus decision making
is still lack. Liu, Han, and Hu [36] presented some preliminary results and established
a lower bound on the proportion of leaders for the expected consensus. Here, we
further present a necessary condition that can characterize the impossibility of the
stable consensus decision making. In addition, in many social networks and biological
systems, there may exist several classes of leaders in an MAS. For example, in a large
scale social event, policemen could be one class of leaders who have the preference
to guide the people (followers) to a safe place, while terrorists could be another class
of leaders who have the preference to guide the people to a dangerous place. In an
opinion network, there may exist several classes of leaders from different parties who
expect to guide the voters to support them. A significant issue is to quantitatively
investigate how the proportions of leaders affect the consensus decisions. For these
cases, conflicts of preferences about the destination confuse the followers in consensus
decision making. To the best of our knowledge, there are no quantitatively theoretical
results on how the proportions of leaders affect the dynamical behavior of followers
in the literature. In comparison with the previous work [36], this paper establishes
an impossibility theorem for the proportion of leaders needed for the case where the
leaders have the same preference, and presents new quantitative results on the proportions of leaders for the stable consensus when the leaders have different preferences.
These results may have potential applications in some real systems. For example, the
people will be in panic when they are in jamming or life-threatening overcrowding
(cf. [4]), and how to guide them to escape from the dangerous place has significant
importance for social security. Our quantitative results may provide some clues for
the number of leaders (e.g., the people or the robots who are familiar with the local
situations) needed to guide the people in panic to a safe place.
In this paper, we focus our attention on the quantitative analysis of the proportion of leaders needed for reaching consensus decision making in spatially distributed
discrete-time multiagent systems. We start with a basic multiagent model, in which
all agents move in the plane with a constant speed, but with heading adjusted according to the information from neighbors defined via the spatial relative distance.
The followers update their headings by aligning with the average direction of their
neighbors, while the leaders adopt the balance between the average heading of neighbors and the preferred direction. For the spatially distributed MASs with multiple
leaders, the neighbors of each agent are determined by the spatial relative positions,
the positions are determined by the moving headings, and the heading of each agent
is determined by the headings of its neighbors. The coupled relationship makes theoretical analysis quite challenging. We proceed with our analysis under a random
framework. In comparison with the system with only one leader, we provide a comprehensive analysis for the information transfer between the subgroup of leaders and
the subgroup of followers by relying on the system structure and some estimations
for the characteristics, and establish some quantitative results for the proportion of
leaders needed for the stable consensus decision making. In particular, we consider
two cases: (i) the leaders have the same preference, and (ii) the leaders have two
different preferences. For case (i), we present an upper bound and a lower bound for
the proportion of leaders needed for the stable consensus decision making. When the
proportion is above the lower bound, all agents can make a stable decision. However,
the decisions are unstable below the upper bound. In case (ii), the two subgroups
of leaders affect the followers simultaneously. The key challenge for the convergence
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analysis lies in the coupling of the headings of different subgroups of agents. We conduct our analysis by considering the worst case. We show that if the proportion of
leaders with majority is larger than a lower bound and the proportion of leaders with
minority is lower than an upper bound, then the followers will move with the preferred
heading of the leaders with majority, and a stable consensus can be achieved.
The rest of this paper is organized as follows. In section 2, we introduce the
multiagent model where the leaders have the same preferred direction or two different
preferred directions, and present the main results. The proofs of the main theorems
are detailed in sections 3 and 4, respectively. Concluding remarks are presented in
section 5.
2. Problem formulation and main results. In this paper, we consider the
consensus decision-making problem of spatially distributed discrete-time MASs composed of heterogeneous agents: leaders and followers. All agents move in a plane at a
constant speed, with headings updated according to the information they receive. The
leaders have the preference or knowledge of the moving direction, and their headings
are taken as the balance between the average heading of neighbors and the preferred
direction, while the followers have no such a preference, and they update their headings by aligning with the average direction of neighbors. Two agents are neighbors
if and only if their distance is less than a predefined sensing radius. As the agents
move around, the relative distance between agents may change, and thus the neighbor
relations between agents may change over time.
We say that the stable consensus decision making is achieved if all followers move
with the same preferred direction eventually. The purpose of the current paper is to
quantitatively investigate how the proportion of leaders in the MAS affects the stable
consensus decision making for two cases where the leaders have the same preferred
direction and the leaders have two conflict preferences.
2.1. Leaders with one preferred direction. Consider a MAS with n agents,
where n1 agents have the information of the preferred direction. In this subsection,
we assume that the leaders have the same preference. The proportion of leaders
is represented by \alpha n = nn1 . The whole population is composed of two subgroups
of agents: leaders and followers. We denote the leader set and the follower\bigcup set as
V1 = \{ 1, 2, . . . , n1 \}  and V2 = \{ n1 + 1, n1 + 2, . . . , n\} , respectively, and V = V1 V2 .
We let Xi (t) = (xi (t), yi (t))\tau  \in  \BbbR 2 and \theta i (t) denote the position and the moving
heading of an agent i (i \in  V ) at the discrete time t (t = 0, 1, . . .), respectively. All
agents move in the plane with a constant speed vn , and thus the velocity of the agent
i is vn (cos \theta i (t), sin \theta i (t))\tau  . Hence, the positions of both leaders and followers are
updated according to the following equation,
(2.1)

Xi (t + 1) = Xi (t) + vn (cos \theta i (t), sin \theta i (t))\tau  .

The preferred direction of leaders is denoted by \theta 0 . The headings of leaders are
adopted as a balance between the steering term \theta 0 and the alignment term with their
local neighbors by a weighting term \omega  (0 < \omega  \leq  1). Thus, for a leader i (i \in  V1 ), its
heading is updated according to the following equation,
\sum 
j\in Ni (t) \theta j (t)
(2.2)
\theta i (t + 1) = (1  -  \omega )
+ \omega \theta 0 ,
ni (t)
where Ni (t) denotes the neighbor set of the agent i at time t, and ni (t) is the cardinality of the set Ni (t). The heading update law of leaders (2.2) is a simplified version
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of the decision law used in [19], and includes the case where the moving heading of
leaders is chosen as the preferred direction directly, while the followers have no preferred directions, and they move with the average heading of their neighbors, i.e., for
i \in  V2 ,
\sum 
j\in Ni (t) \theta j (t)
(2.3)
.
\theta i (t + 1) =
ni (t)
Remark 2.1. The headings of all agents take values in the set [ - \pi , \pi ), and the
heading update (2.3) may sometimes cause some counterintuitive consequences. For
example, suppose that an agent has only two neighbors (including itself) with the
heading angles  - \pi  and \pi , respectively. According to (2.3), the heading at the next
time step becomes 0, meaning that the agent needs to reverse its direction even
though its current heading is the same as its neighbor. One alternative to avoid
such a situation is to restrict the initial headings of all agents in half a circle. It
is worth noting that issues along these lines would not arise if the systems under
consideration were used to other physical variables such as speed, temperature, or
opinion. Therefore, we adopt (2.3) to update the states of the agents without loss of
generality.
The neighbor relation is one of the key factors for the evolution of headings of all
agents. In this paper, the widely used circular neighborhood for all agents is adopted.
That is, for an agent i, its neighbors are those agents lying within the circle centered
at agent i's current position with a predefined radius rn , i.e.,
(2.4)

Ni (t) = \{ j : dij (t) < rn \} ,

where dij (t) = \| Xj (t)  -  Xi (t)\| . From (2.4), each agent is a neighbor of itself. The
neighbors of each agent can be divided into the leader neighbor set Ni1 (t) and the
follower neighbor set Ni2 (t) which are, respectively, defined as follows:
(2.5)

Ni1 (t) = \{ j \in  V1 : dij (t) < rn \} ,

(2.6)

Ni2 (t) = \{ j \in  V2 : dij (t) < rn \} .

The cardinalities of the sets Ni1 (t) and Ni2 (t), i.e., the leader degree and the follower
degree of the agent i at time
\bigcup  t, are denoted as ni1 (t) and ni2 (t), respectively. It is
clear that Ni (t) = Ni1 (t) Ni2 (t), and ni (t) = ni1 (t) + ni2 (t).
Remark 2.2. Though the headings of both leaders and followers linearly depend
on the headings of their local neighbors at a given time instant, the headings of all
agents nonlinearly evolve with time due to the coupled relationship between positions,
headings, and neighbors of all agents.
As the number of agents increases, so does the number of neighbors. Thus, the
interaction radius can be allowed to decrease with the number of agents n which is in
the spirit of the standard results established in either wireless networks (see [24], [25])
or random graphs (see [38], [39]). For such a case, the moving speed should also
decrease with n. In this section, our purpose is to establish scaling laws for the
proportion of leaders needed for the stable consensus in a sense that the followers
move with desired heading \theta 0 eventually.
From the dynamics of the multiagent model (2.1)--(2.6), we know that the initial
distribution of the agents plays an important role for the dynamical property of the
system. To illustrate this point, we consider an extreme situation where the leaders
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and followers are, respectively, distributed in two disjoint regions at the initial time.
We assume that the distance between these two regions is large. Thus, the followers
have no leader neighbors at the initial time, which indicates that the information of
the preferred direction of leaders cannot be transferred to the subgroup of followers,
while by (2.1), the leaders will converge to the preferred direction with a certain rate
no matter what their neighbors are. As a consequence, the followers cannot track
the preferred direction in a short time period due to the large distance between the
subgroup of leaders and the subgroup of followers, even if the number of leaders
is large. Hence, the distance between the subgroup of leaders and the subgroup
of followers may become larger and larger because of the dissimilarity between the
headings of leaders and followers. For such a situation, it is impossible for the followers
to make a stable consensus decision as t tends to infinity. In order to investigate the
role of the proportion of leaders for consensus, we conduct our analysis under the
following setting.
Assumption 2.1. (1) The initial positions of all agents are uniformly and independently distributed (u.i.d.) in the unit square [0, 1]2 .
(2) The initial headings of all agents are u.i.d. in the interval [ - \pi , \pi ), and the
initial positions and headings of all agents are independent.
Remark 2.3. Couzin et al. [19] qualitatively investigated the proportion of leaders
needed for the desired behavior under the assumption that the initial positions are
u.i.d. (see [37] for the definition). This assumption makes it meaningful and possible to
investigate how the proportion of leaders affects the consensus decision making. The
uniform assumption for the initial headings can also be replaced by other distributions,
under which the dissimilarity between the headings of followers and the preferred
heading at the initial time can be calculated using the proof idea of Lemma A.4, and
the number of leaders needed for the stable consensus may be obtained accordingly.
From an intuitive point of view, if the number of leaders is very small in comparison with the number of followers, e.g., one single leader, then very few leaders
fall within the neighborhood of each follower, and thus the influence of leaders on the
followers is weak and the preferred direction is transferred to the subgroup of followers
with a low rate. The followers tend to move in a self-organized manner, while the
leaders converge to the preferred direction with a fixed rate. As a result, the whole
population splits into two disjoint clusters: cluster of leaders and cluster of followers.
The following theorem establishes an impossibility theorem (necessary condition) for
the proportion of leaders to reach the stable consensus decision.
Theorem 2.4 (necessity).\sqrt{}  Suppose that \theta 0 \not = 0, and that the neighborhood radius
log n
and the moving speed satisfy
\ll  rn \ll  1 and vn \ll  rn .1 If the proportion of
n
leaders satisfies
\sqrt{} 
log n
(2.7)
\alpha n \ll  vn rn
,
n
then under Assumption 2.1, the system (2.1)--(2.6) cannot make stable consensus decisions almost surely for large n.
1 For any two positive sequences \{ a , n \geq  1\}  and \{ b , n \geq  1\} , a = O(b ) means that there
n
n
n
n
exists a positive constant C independent of n, such that an \leq  Cbn for any n \geq  1; an = o(bn ) (or
(an \ll  bn )) means that limn\rightarrow \infty  ab n = 0.
n
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Remark 2.5. The condition \theta 0 \not = 0 in Theorem 2.4 cannot be removed. From
Lemma A.4 in Appendix A, we see that the headings of followers at time t = 1 are
close to 0. If \theta 0 = 0, then the influence of leaders and the self-organized behavior of
followers cannot be differentiated, and thus it is impossible to obtain the necessary
condition for the stable consensus decisions.
\sqrt{} 
Remark 2.6. In Theorem 2.4, the condition on the neighborhood radius logn n \ll 
rn \ll  1 is used to estimate the initial leader degrees and follower degrees and the
properties of headings of all agents at t = 1, which is a necessary step to analyze the
dynamical behavior of the whole system. As the system evolves, the condition on
the moving speed is used to guarantee that the change of the number of neighbors
is not too much. Moreover, by Lemma A.4 in Appendix A, we see that at t = 1,
the headings of leaders are close to \omega \theta 0 and the headings of followers are close to 0.
If the proportion of leaders satisfies (2.7), the influence of leaders on followers is too
small to induce the followers to track the preferred heading \theta 0 even if all leaders are
the neighbors of followers. Then all agents will be separated into two clusters after a
period of time. Hence, the system cannot reach the stable consensus.
If the proportion of leaders is larger, then it is possible to guide the followers to the
preferred direction eventually. The following theorem presents a sufficient condition
on the proportion of leaders required for the stable consensus decision making.
Theorem 2.7\sqrt{} (sufficiency). Suppose that the neighborhood radius and the movlog n
ing speed satisfy
\ll  rn \ll  1 and vn \ll  rn . Then under Assumption 2.1, the
n
system (2.1)--(2.6) achieves the stable consensus decisions almost surely for large n if
the proportion of leaders satisfies one of the following two conditions:
n
n
(1) \alpha n \gg  log
provided that log
2
nrn
nrn \gg  vn .
\sqrt{} 
3\pi  log n
log n
0 | +Ln )
(2) \omega \alpha n \geq  2049vn (| \theta 
with
L
=
4
n
rn
nr 2 (1+o(1)) provided that nrn \ll  vn .
n

The difference between Theorem 2.7 and the main results established in [36] lies
in two aspects: (i) The main results in [36] are based on the nonlinear Vicsek model,
while Theorem 2.7 in this paper is based on the linearized Vicsek model which has
a simpler expression and more practical applications in, e.g., coordination control of
robots and localization of the distributed satellites. (ii) The heading update equation
(2.2) in this paper has a more general expression than that used in [36].
n
Remark 2.8. In Theorem 2.7, the condition \alpha n \gg  log
can guarantee that the
2
nrn
number of leader neighbors at the initial time is sufficiently large (see Corollary A.2
0 | +Ln )
in Appendix A) while the condition \omega \alpha n \geq  2049vn (| \theta 
is used to guarantee that
rn
the leader neighbors do not change too much during the evolution, which makes it
possible for the followers to track the preferred direction of leaders.

Remark 2.9. We take rn = ( logn n )1/2 - \delta  and vn = ( logn n )1/2+2\delta  with 0 < \delta  < 1/2.
By Theorem 2.7, it is clear that if the proportion of leaders satisfies the condition
\alpha n \gg  ( logn n )2\delta  , then the followers can reach the desired behavior eventually. On the
contrary, by Theorem 2.4 if the proportion of leaders satisfies \alpha n \ll  ( logn n )3/2+\delta  , then
the followers cannot be guided to the desired heading. The gap as shown in Figure 1
will converge to 0 as n increase to infinity. How all agents behave if the proportion
of leaders falls into the gap is an open problem, and we will investigate it in future
research.
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Fig. 1. The system can reach stable consensus if the proportion of leaders is above the red line,
and cannot reach stable consensus if the proportion of leaders is below the blue line.

2.2. Leaders with two different preferred directions. When the leaders
have the same preferred direction, we have investigated the proportion of leaders that
is needed for the stable consensus decision making in subsection 2.1. However, the
leaders may have different preferences in many systems, such as multiple parties in
social opinion dynamics and multiple species in biological systems. The investigation
for the MASs with different leaders is more practical but more complex.
In this section, we consider the MAS where the leaders have two conflicting preferences, and establish some quantitative results for the stable consensus. For such a
case, the n agents can be classified into three subgroups: two subgroups of leaders
denoted as S1 and S2 and one subgroup of followers denoted as S3; each subgroup
of leaders has one preferred direction. The preferred direction of leaders in subgroup S1 is denoted as \theta 1 , and the preferred direction of leaders in subgroup S2
is denoted as \theta 2 (\theta 2 \not = \theta 1 ). The agents in subgroup S3 have no preference about
the destination and they update their headings according to the information from
neighbors. We use V1 = \{ 1, 2, . . . , n1 \} , V2 = \{ n1 + 1, n1 + 2, . . . , n1 + n2 \} , and
V3 = \{ n1 + n2 + 1, n1 + n2 + 2, . . . , n\} \bigcup to denote
the sets of agents in subgroups S1, S2,
\bigcup 
and S3, respectively, and V = V1 V2 V3 , where n1 and n2 are the numbers of
agents in subgroups S1 and S2, respectively. Denote the proportions of leaders as
\alpha 1n = nn1 and \alpha 2n = nn2 .
For an agent i (i \in  V ), its position and heading at discrete time t (t = 0, 1, 2, . . .)
are also denoted by Xi (t) and \theta i (t), respectively. All agents move in the plane with
a constant speed vn . The position of the agents is updated according to (2.1). For
simplicity of analysis, we assume that the agents in subgroups S1 and S2 move with
the preferred headings \theta 1 and \theta 2 , respectively, i.e., \theta i (t) = \theta 1 for i \in  V1 , and \theta i (t) = \theta 2
for i \in  V2 , while the followers in subgroup S3 update their headings according to the
average of their neighbors. That is, their headings are updated according to (2.3),
where Ni (t) is the neighbor set of the agent i at time t, and ni (t) is the cardinality
of the set Ni (t). The neighbors of followers are defined in the same way as those in
section 2.1, which are composed of the following three parts, Ni1 (t), Ni2 (t), Ni3 (t).
The cardinalities of the sets Ni1 (t), Ni2 (t), and Ni3 (t), i.e., the leader degrees in
subgroups S1 and S2 and the follower degree of the agent i at time t, are denoted as
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\bigcup 
\bigcup 
ni1 (t), ni2 (t) and ni3 (t), respectively. It is clear that Ni (t) = Ni1 (t) Ni2 (t) Ni3 (t),
and ni (t) = ni1 (t) + ni2 (t) + ni3 (t). Thus, the heading update equation of followers
can be rewritten as the following expression:
\sum 
\bigcup 
\bigcup 
j\in Ni1 (t) Ni2 (t) Ni3 (t) \theta j (t)
(2.8)
\theta i (t + 1) =
.
ni1 (t) + ni2 (t) + ni3 (t)
Similarly to the case where the leaders have the same preference, we proceed with
our investigation under the following assumption on the initial states of all agents.
Assumption 2.2. (1) The initial positions of all agents obeys the same distribution
as those in Assumption 2.1.
(2) The initial headings of followers are u.i.d. in the interval [ - \pi , \pi ), and they are
independent of the positions of all agents.
Different proportion of leaders in subgroups S1 and S2 may cause the followers
to make different decisions. The purpose of this subsection is to establish a sufficient
condition and a necessary condition for the proportions of leaders for the stable consensus decisions making. Here the stable consensus means that the followers move
along one of the two preferred directions eventually. We first consider a situation
where the proportion of leaders in S1 is larger than that in S2, and investigate under
what conditions the system can achieve the stable consensus decisions. For each follower, the number of its leader neighbors in S1 is larger than that in S2 because of the
uniform distribution of the initial positions. When we consider the convergence of the
headings of followers to \theta 1 , the leaders in subgroup S2 have negative effect. Hence,
a larger proportion of leaders will be needed to achieve stable consensus decisions in
comparison with the case with one preferred direction. The following theorem establishes a quantitative result on the proportions of leaders \alpha 1n and \alpha 2n that enable the
followers to make the stable consensus decisions.
Theorem
2.10. Assume \theta 2 \not = 0, and that the neighborhood radius and the speed
\sqrt{} 
log n
satisfy
n \ll  rn \ll  1 and vn \ll  rn . Then under Assumption 2.2, the followers can
be guided to move with the same heading \theta 1 eventually, if the proportion of leaders
2 3
in subgroup S2 satisfies \alpha 2n \ll  \alpha 1n
rn , and the proportion of leaders in subgroup S1
satisfies one of \sqrt{} 
the following two conditions:
n
n
vn
(1) \alpha 1n \gg  log
provided that log
2
2 \gg  r .
nrn
n
\sqrt{} nrn
\sqrt{} 
vn (| \theta  0 | +fn )
3\pi  log n
log n
vn
(2) \alpha 1n \geq  17
with fn = 4
rn
nr 2 (1+o(1)) provided that nr 2 \ll  rn .
n

n

Theorem 2.10 provides a sufficient condition for the stable consensus for the case
where the proportion of leaders in subgroup S1 is larger than that in S2. However,
if the proportions of two subgroups of leaders are small, then neither the leaders in
subgroup S1 nor those in subgroup S2 have the capability to guide the followers to
make the stable consensus decisions, which will be illustrated in Theorem 2.11.
Theorem 2.11. Assume that \theta 1 \not = 0 and \theta 2 \not = 0. Suppose that the neighborhood
radius
\sqrt{}  and the speed satisfy the conditions used in Theorem 2.10. If \alpha 1n + \alpha 2n \ll 
vn rn logn n , then the followers will move with neither \theta 1 nor \theta 2 almost surely.
The proof of Theorem 2.11 is similar to that of Theorem 2.4, and we omit the
proof details.
Remark 2.12. For the system with two subgroups of leaders and one subgroup
of followers, the analysis is difficult and the results are complex due to the strongly
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Fig. 2. The headings of all agents for the system in Example 2.1.

coupled relationship between positions and headings of all agents and the influence of
the two subgroups of leaders to followers. Besides the two cases studied in this paper,
there are other possibilities for the behavior of the system, such as some followers
follow \theta 1 and others follow \theta 2 . We illustrate this point by a simulation example.
Example 2.1. Consider a system composed of 50 followers and 20 leaders in subgroup S1 and 20 leaders in subgroup S2 whose initial states are distributed according
to Assumption 2.2, the model parameters are taken as r = 0.2 and v = 0.01. The
headings of the two subgroups of leaders are taken as \theta 1 = \pi 4 , \theta 2 =  -  \pi 4 . By Figure 2,
it is clear that some followers track the desired heading \theta 1 and others track \theta 2 .
3. Proof of Theorems 2.4 and 2.7. Under Assumption 2.1, we can obtain
the estimation for the initial leader degree and follower degree and the properties of
headings at t = 1 (see Appendix A), which will be used to prove Theorems 2.4 and
2.7.
From Lemma A.4 in Appendix A,\sqrt{} the headings of followers at time t = 1 belong
log n
to the interval [ - Ln , Ln ] with Ln = 4 3\pi nr
(1 + o(1)) = o(1). It is clear that there
2
n

is a difference between \theta i (1) (i \in  V2 ) and the preferred direction \theta 0 (\theta 0 \not = 0). In
order to prove Theorem 2.4, we first show that if the proportion of leaders satisfies
the conditions in Theorem 2.4, then the followers cannot be guided to the preferred
heading \theta 0 even after a long time period.
\sqrt{}  Lemma 3.1. Suppose that the neighborhood radius and the moving speed satisfy
log n/n \ll 
\sqrt{} rn \ll  1 and vn \ll  rn . If the proportion of leaders satisfies the condition
n +rn
\alpha n \ll  vn rn logn n , then for 0 \leq  t \leq  t\ast  + 1 with t\ast  = \lceil  v 1+2v
\rceil , the headings of
n (1 - cos \omega \theta  0 )
followers satisfy
\Bigl( \sqrt{} 
\Bigr) 
max | \theta i (t)|  = O
log n/nrn2 .
n1 +1\leq i\leq n

Proof. Without loss of generality we assume \theta 0 > 0. By (2.3), the headings of
followers are updated according to the headings of their neighbors, where the neighbors
are defined via the positions of all agents. In order to investigate the property of the
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headings of followers, we first prove that for 0 \leq  t \leq  t\ast  , the distance between any two
followers i and j satisfies
| dij (t)  -  dij (0)|  \leq 

(3.1)

1
rn .
32

It is clear that (3.1) holds for t = 0. We assume that it holds for 0 \leq  s \leq  t (\leq  t\ast   -  1).
If the distance between two followers i and j at the initial time satisfies dij (0) <
1
)rn , then at time s we have dij (s) \leq  dij (0) + | dij (s)  -  dij (0)|  < rn , and if
(1  -  32
1
)rn , then dij (s) \geq  dij (0)  -  | dij (s)  -  dij (0)|  \geq  rn . Thus, for a follower
dij (0) > (1 + 32
i (i \in  V2 ), the change of its follower neighbors at time s in comparison with those at
31
the initial time is included in the set Ri = \{ j \in  V2 : 32
rn \leq  dij (0) \leq  33
32 rn \} . The
cardinality of the set Ri is denoted as ri which is bounded by rmax \triangleq  maxi\in V2 ri \leq 
1
2
8 n\pi rn (1 + o(1)); see Lemma 11 in [36]. Thus, for each follower agent i (i \in  V2 ), the
number of its follower neighbors at time s satisfies maxi\in V2 | ni2 (s)  -  ni2 (0)|  \leq  rmax ,
i.e., mini\in V ni2 (0)  -  rmax \leq  ni2 (s) \leq  maxi\in V ni2 (0) + rmax . Moreover, by Corollary
A.2, we have
9
1
n\pi rn2 (1 + o(1)) \leq  ni2 (s) \leq  n\pi rn2 (1 + o(1)).
8
8

(3.2)

Using Lemma A.4 and the heading update equations (2.2) and (2.3), we see that
the headings of leaders satisfy maxi\in V1 | \theta i (s)|  \leq  \theta 0 . Hence, by (2.3), the headings of
followers satisfy
\bigm|  \sum 
\bigm| 
\sum 
\bigm| 
\bigm| 
\bigm|  j\in Ni1 (s) \theta j (s) + j\in Ni2 (s) \theta j (s) \bigm| 
max | \theta i (s + 1)|  = max \bigm| 
\bigm| 
i\in V2 \bigm| 
i\in V2
\bigm| 
ni1 (s) + ni2 (s)
\biggl( 
\biggr) 
ni1 (s)\theta 0 + ni2 (s) maxi\in V2 | \theta i (s)| 
\leq  max
i\in V2
ni1 (s) + ni2 (s)
\leq  max

(3.3)

where

i\in V2

ni1 (s)\theta  0 +ni2 (s) maxi\in V2 | \theta i (s)| 
ni1 (s)+ni2 (s)

n1 \theta 0
ni2 (s) maxi\in V2 | \theta i (s)| 
+ max
,
n1 + ni2 (s) i\in V2
n1 + ni2 (s)
is monotonically increasing with ni1 (s) due to the

inequality maxi\in V2 | \theta i (s)|  \leq  \theta 0 .
n1
Set \gamma (s) = maxi\in V2 n1 +n
and \beta (s) = maxi\in V2
i2 (s)
have

ni2 (s)
n1 +ni2 (s) .

Then by (3.3), we

max | \theta i (s + 1)|  \leq  \gamma (s)\theta 0 + \beta (s) max | \theta i (s)| 
i\in V2

i\in V2

\leq 

s
\prod 
k=1

\sqrt{} 
(3.4)

\leq  4

\beta (k) max | \theta i (1)|  +
i\in V2

s \Bigl(  \prod 
s
\sum 
k=1

3\pi  log n
(1 + o(1)) +
nrn2

\beta (l) \cdot  \gamma (k)\theta 0

\Bigr) 

l=k+1

s \Bigl( 
\sum 
k=1

s
\prod 

\Bigr) 
\beta (l) \cdot  \gamma (k)\theta 0 .

l=k+1

Denote nmax (k) = maxi\in V2 ni2 (k), nmin (k) = mini\in V2 ni2 (k). By (2.7), (3.2), and
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Corollary A.2, we have
s \Bigl(  \prod 
s
\sum 
k=1

\Biggr] 
n1
ni2 (l)
\cdot  max
max
i\in V2 n1 + ni2 (l) i\in V2 n1 + ni2 (k)
k=1 l=k+1
\Biggl[  s \biggl( 
\Biggr] 
\biggr) 
s
\sum 
\prod 
n1
n1
\leq 
1  - 
\cdot 
n1 + nmax (l)
n1 + nmin (k)
k=1 l=k+1
\biggl( 
\biggr) s - k
s
\sum 
n1
nmax (0) + rmax
\leq 
nmin (0)  -  rmax + n1
nmax (0) + rmax + n1
k=1
\biggl[ 
\biggl( 
\biggr) s \biggr] 
nmax (0) + rmax + n1
nmax (0) + rmax
1  - 
\leq 
nmin (0)  -  rmax + n1
nmax (0) + rmax + n1
\Biggl[ 
\biggr) t\ast  \Biggr] 
\biggl( 
8n1 (1 + o(1))
\leq  10 1  -  1  - 
.
9n\pi rn2

s
\Bigr)  \sum 
\beta (l) \cdot  \gamma (k) =

l=k+1

(3.5)

Set \zeta n =

8n1
2 (1
9n\pi rn

\Biggl[ 

s
\prod 

+ o(1)). Using \alpha n \ll  vn rn

t\ast  \zeta n =

\sqrt{} 

log n
n ,

we have

\sqrt{} 
1 + 2vn + rn 8\alpha n
(1 + o(1)) = o( log n/(nrn2 )).
2
vn (1  -  cos \omega \theta 0 ) 9\pi rn

Thus,
\bigl( 
\bigr) 
\ast 
(1  -  \zeta n )t = 1  -  t\ast  \zeta n + O (t\ast  \zeta n )2 = 1  -  t\ast  \zeta n (1 + o(1)).

(3.6)

Substituting (3.5) and (3.6) into (3.4), we have
\sqrt{} 
3\pi  log n
(1 + o(1)) + 10t\ast  \zeta n \theta 0 (1 + o(1))
max | \theta i (s + 1)|  \leq  4
i\in V2
nrn2
\sqrt{} 
3\pi  log n
(3.7)
=4
(1 + o(1)).
nrn2
By (2.1), the distance between any two followers i and j satisfies the following
inequality for t \leq  t\ast  :
| dij (t + 1)  -  dij (0)|  \leq 

t
\sum 
\bigm| 
\bigm| 
\bigm| \| Xi (s + 1)  -  Xj (s + 1)\|   -  \| Xi (s)  -  Xj (s)\| \bigm| 
s=0

\leq  2vn + vn

t
\sum 
s=1

max | \theta i (s)  -  \theta j (s)|  \leq  2vn + 2vn

i,j\in V2

\sqrt{} 
\leq  2vn + 8vn t\ast 
(3.8) \leq 

t
\sum 
s=1

max | \theta i (s)| 
i\in V2

3\pi  log n
(1 + o(1))
nrn2

1
rn .
32

Similarly to the analysis of (3.7), we can deduce the result of the lemma for t \leq  t\ast  .
Proof of Theorem 2.4. Using Lemma A.4, the heading of the leader i (i \in  V1 )
satisfies \theta i (1) \geq  \omega \theta 0  -  (1  -  w)Ln > 0, and the heading of the follower i (i \in  V2 )
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n

and (2.3), we have for i (i \in  V ) and t \geq  1, \theta i (t) \geq  mini\in V \theta i (1) \geq   - Ln . Hence, the
heading of the leader i (i \in  V1 ) satisfies
\theta i (t) \geq  \omega \theta 0  -  (1  -  \omega )Ln ,

(3.9)

while
\sqrt{}  by Lemma 3.1, the heading of the follower i (i \in  V2 ) satisfies maxi\in V2 | \theta i (t)|  =
n
\ast 
O( log
nr 2 ) = o(1) for 1 \leq  t \leq  t + 1.
n

Using the position update (2.1), we have for i (i \in  V )
\biggl\{ 
\sum t
xi (t + 1) = xi (0) + vn s=0 cos \theta i (s),
\sum t
yi (t + 1) = yi (0) + vn s=0 sin \theta i (s).
Thus, for a leader i (i \in  V1 ) and a follower j (j \in  V2 )
dij (t\ast  + 1) \geq  | xj (t\ast  + 1)  -  xi (t\ast  + 1)| 
\ast 

t
\sum 
\bigm| 
\bigm| 
= \bigm| (xj (0)  -  xi (0)) + vn
(cos \theta j (s)  -  cos \theta i (s)) \bigm| 
s=0
\ast 

t
\bigm|  \sum 
\bigm| 
\geq  vn \bigm| 
(cos \theta j (s)  -  cos \theta i (s)) \bigm|   -  2vn  -  | (xi (0)  -  xj (0))| 
s=1

\geq  vn t\ast  (1  -  cos \omega \theta 0 )(1 + o(1))  -  2vn  -  1
(3.10)

> rn .

By (3.10), it is clear that the distance between any leader i (i \in  V1 ) and follower
j (j \in  V2 ) at time t\ast  + 1 is larger than the predefined interaction radius rn . Thus, the
leaders will have no follower neighbors, and the followers will have no leader neighbors.
Hence, the followers will not be affected by the reference signal \theta 0 . By Lemma 3.1
and the heading update equation (2.3), the headings of followers satisfy
\sqrt{} 
(3.11)
max | \theta i (t\ast  + 1)|  = O( log n/(nrn2 )).
i\in V2

Repeating the above process, it can be concluded that (3.10) and (3.11) hold for all
t \geq  t\ast  + 1, which means that the followers will not move with \theta 0 eventually.
Now, we move on to the proof of Theorem 2.7. Denote \varepsilon i (t) = \theta i (t)  -  \theta 0 . In
the investigation of the stable consensus decision making, what is important is the
convergence of \varepsilon i (t). We first provide a preliminary result for the convergence of \varepsilon i (t)
in the following lemma.
Lemma 3.2 (see [40]).
following inequalities hold,

If there exist positive constants A and \epsilon , such that the

(3.12)

max | \varepsilon i (1)|  \leq  (1  -  \omega )A,

max | \varepsilon i (1)|  \leq  A,

(3.13)

max | \alpha i (t)  -  \alpha i (0)|  \leq  \epsilon ,

\forall t \geq  1,

where \alpha i (t) =

i\in V1
i\in V

ni1 (t)
ni1 (t)+ni2 (t) ,

i\in V2

then we have for t \geq  0,

max | \varepsilon i (t + 1)|  \leq  (1  -  \omega )\gamma  t A,
i\in V1

max | \varepsilon i (t + 1)|  \leq  \gamma  t A,
i\in V2

where \gamma  = maxi\in V (1  -  (\alpha i (0)  -  \epsilon )\omega ).
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The proof of Lemma 3.2 can be referred to [40], and we omit it to save space.
From Lemma 3.2, if 1  -  (\alpha i (0)  -  \epsilon )\omega  < 1, then the convergence of maxi\in V | \varepsilon i (t + 1)| 
can be achieved. The key point in the proof of Theorem 2.7 is to estimate the upper
bound of maxi\in V | \alpha i (t)  -  \alpha i (0)| .
Proof of Theorem 2.7. We prove for any agent i (i \in  V )
max | \alpha i (s)  -  \alpha i (0)|  <

(3.14)

i\in V

\alpha n
,
2

where \alpha i (t) is defined in Lemma 3.2. It is clear that the inequality (3.14) holds for
s = 0. We assume that (3.14) holds for 0 \leq  s \leq  t, and prove the inequality for t + 1
by mathematical induction.
Using Lemma A.4 in Appendix A, the headings of leaders and followers at t = 1
satisfy \sqrt{} 
maxi\in V1 | \varepsilon i (1)|  \leq  (1  -  \omega )(\theta 0 + Ln ) and maxi\in V2 | \varepsilon i (1)|  \leq  (\theta 0 + Ln ), where
Ln = 4

3\pi  log n
(1
2
nrn

+ o(1)). Using Lemma 3.2, we have for 0 \leq  s \leq  t

\Bigr) s
\Bigl( 
\omega \alpha n
(1 + o(1)) | (\theta 0 |  + Ln ),
max | \varepsilon i (s + 1)|  \leq  (1  -  \omega ) 1  - 
i\in V1
2
\Bigl( 
\Bigr) s
\omega \alpha n
max | \varepsilon i (s + 1)|  \leq  1  - 
(1 + o(1)) | (\theta 0 |  + Ln ).
i\in V2
2

(3.15)
(3.16)

By (3.15) and (3.16), the distance between agents i and j (i, j \in  V ) satisfies
| dij (t + 1)  -  dij (0)|  \leq  2vn + 2vn

t
\sum 
s=1

\leq  2vn +

(3.17)

max | \varepsilon i (s)| 
i\in V

4vn
rn
,
(| \theta 0 |  + Ln ) \leq 
\omega \alpha n
512

(| \theta  0 | +Ln )
where the condition \alpha n \geq  2049vn\omega r
is used in the last inequality.
n
By (3.17), the change of leader neighbors and the change of follower neighbors of
1
1
the agent i are characterized by Ri1 = \{ j \in  V1 : (1  -  512
)rn \leq  dij (0) \leq  (1 + 512
)rn \} 
1
1
and Ri2 = \{ j \in  V2 : (1 -  512 )rn \leq  dij (0) \leq  (1+ 512 )rn \} , respectively. The cardinalities
n
of the sets Ri1 and Ri2 are denoted as ri1 and ri2 . Using the condition \alpha n \gg  log
2 ,
nrn
1
1
we have maxi\in V ri1 \leq  128
n\alpha n \pi rn2 (1 + o(1)) and maxi\in V ri2 \leq  128
n\pi rn2 (1 + o(1)); see
Lemma 11 in [36]. Thus, the leader degree and follower degree of the agents satisfy
| ni1 (t + 1)  -  ni1 (0)|  \leq  maxi\in V ri1 and | ni2 (t + 1)  -  ni2 (0)|  \leq  maxi\in V ri2 . By Lemma
A.2, we have
\bigm| 
\bigm| 
\bigm| 
\bigm| 
ni1 (t + 1)
ni1 (0)
\bigm| 
 - 
max | \alpha i (t + 1)  -  \alpha i (0)|  = max \bigm| \bigm| 
i\in V
i\in V ni1 (t + 1) + ni2 (t + 1)
ni1 (0) + ni2 (0) \bigm| 
\biggl( 
\biggr) 
max ni1 (0)ri2 + max ni2 (0)ri1
i\in V
i\in V
\leq 
min\{ (ni1 (t + 1) + ni2 (t + 1))(ni1 (0) + ni2 (0))\} 
i\in V

\leq 

1
2 2
64 \alpha n (n\pi rn )
(1
2
n\pi rn
1
2
(1
 - 
)n\pi r
n
16
32

+ o(1)) \leq 

8
\alpha n
\alpha n (1 + o(1)) <
.
31
2

By mathematical induction it is clear that (3.14) holds almost surely for all t \geq  0.
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Using Lemmas 3.2 and A.4, we have
max | \varepsilon i (t)|  \rightarrow  0
i\in V

as t \rightarrow  \infty .

This completes the proof of Theorem 2.7.
4. Proof of Theorem 2.10. Denote \theta \widetilde i (t) = \theta i (t)  -  \theta 1 as the maximum dissimilarity between the heading of the follower i (i \in  V3 ) and the preferred direction \theta 1
of the subgroup S1. We aim to prove that \theta \widetilde i (t) \rightarrow  0 as t \rightarrow  \infty . In the convergence
analysis of \theta \widetilde i (t), the influence of leaders in subgroup S2 is negative, and we take the
effect of the preferred direction of leaders in subgroup S2 as noise. We investigate the
evolution of the system from the worst case in the sense that all leaders in subgroup
S2 fall into the neighborhood of each follower. We show that even if for the worst
case, there still exists a time instant T \ast  such that the headings of the followers at time
2
t (t \geq  T \ast  ) fall in the open ball centered at \theta 1 with radius \theta 1  - \theta 
4 . That is, the headings
of the followers will approach to the preferred heading \theta 1 . In order to make our idea
clearly, we first consider the situation where the neighbor graphs keep unchanged.
Lemma 4.1. Assume that \theta 2 \not = 0, and the neighbor graphs keep
\sqrt{}  unchanged. Suppose that the neighborhood radius and the moving speed satisfy logn n \ll  rn \ll  1 and
vn \ll  rn . If the proportion of leaders in subgroups S1 and S2 satisfy the conditions
in Theorem 2.10, then there exists T \ast  , such that the headings of followers have the
following tracking property for t > T \ast  :

max | \theta \widetilde i (t + 1)|  \leq 
i\in V3

| \theta 1  -  \theta 2 | 
.
4

Proof. Since the neighbor graphs keep unchanged, the degrees of followers are
constant and equal to their initial degrees. For simplicity of expression, we denote
ni1 (t), ni2 (t) and ni3 (t) as ni1 , ni2 , and ni3 , respectively, and denote \scrN i3 (t) as \scrN i3 ,
and ni = ni1 + ni2 + ni3 . By the heading update equation (2.8), the headings of
followers satisfy
\bigm| 
\bigm| 
\bigm|  ni2 (\theta 2  -  \theta 1 ) + \sum 
(\theta j (t)  -  \theta 1 ) \bigm| \bigm| 
\bigm| 
j\in \scrN 
i3
max | \theta \widetilde i (t + 1)|  = max \bigm| 
\bigm| 
i\in V3
i\in V3 \bigm| 
\bigm| 
ni
ni2 | \theta 2  -  \theta 1 | 
ni3
max | \theta \widetilde i (t)|  + max
i\in V3
ni i\in V3
ni
t
\widetilde 
\widetilde 
\triangleq  \mu n max | \theta i (t)|  + \nu n \leq  \mu n max | \theta i (1)|  + (1 + \mu n + \mu 2n + \cdot  \cdot  \cdot  \mu t - 1
n )\nu n

\leq  max
i\in V3

i\in V3

(4.1)

\leq 

\mu tn

i\in V3

1
max | \theta \widetilde i (1)|  +
\nu n ,
i\in V3
1  -  \mu n

where \mu n = maxi\in V3 nni3i , and \nu n = maxi\in V3 nni2i | \theta 2  -  \theta 1 | .
Now, we estimate \mu n and \nu n . First, we need to calculate ni3 and ni . By Lemma
B.1 and Remark B.2 in Appendix B, we have for the agent i (i \in  V3 ), ni3 \leq 
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\surd  2
\sqrt{} 
C3 \pi rn
log n
\surd 
), where
n(1  -  \alpha 1n  -  \alpha 2n )Ai + C3 n\pi rn2 log n = nAi (1  -  \alpha 1n  -  \alpha 2n +
Ai n
1
2
2
C3 is a positive constant independent of n, and 4 \pi rn \leq  Ai \leq  \pi rn . By the condi\surd  2
\sqrt{} 
\sqrt{} 
C3 \pi rn
log n
log n
log n
\surd 
,
we
have
\leq 
4C
tion \alpha 1n \gg 
2
3
nr
n\pi r 2 = o(\alpha 1n ). Thus, ni3 (0) \leq 
Ai n
n

n

n(1  -  \alpha 1n (1 + o(1)))Ai . For the total number of neighbors
\surd  2 ni (0), by Lemma B.1, we
\sqrt{} 
C1 \pi rn
log n
2
\surd 
have ni (0) \geq  nAi  -  C1 n\pi rn log n = nAi (1  - 
) = nAi (1 + o(\alpha 1n )) \geq 
Ai n
2
n\pi rn
4 (1

+ o(\alpha 1n )). By the above analysis, we have
n(1  -  \alpha 1n (1 + o(1)))Ai
ni3
\leq  max
= 1  -  \alpha 1n (1 + o(1)),
i\in V3
ni
nAi (1 + o(\alpha 1n ))
4\alpha 2n
ni2
\nu n = max
| \theta 2  -  \theta 1 |  \leq 
| \theta 2  -  \theta 1 | (1 + o(1)).
i\in V3 ni
\pi rn2

\mu n = max
i\in V3

Substituting the above two inequalities into (4.1), we obtain
4\alpha 2n
max | \theta \widetilde i (t + 1)|  \leq  (1  -  \alpha 1n (1 + o(1)))t (\theta 1 + fn ) +
| \theta 1  -  \theta 2 | (1 + o(1))
i\in V3
\alpha 1n \pi rn2
1
\leq  (1  -  \alpha 1n (1 + o(1)))t (| \theta 1 |  + fn ) + | \theta 1  -  \theta 2 | .
6
Taking
\Bigl\{  \Bigl\lceil 
T \ast  = max 1, log

1
12 | | \theta  1 | 

 -  \theta 2 | 

\theta 1 + fn

we have for t \geq  T \ast  , maxi\in V3 | \theta \widetilde i (t + 1)|  \leq 

\cdot 

\Bigr\rceil \Bigr\} 
1
,
log(1  -  \alpha 1n (1 + o(1)))

| \theta  1  - \theta  2 | 
.
4

When the neighbor graphs keep unchanged, we have shown that the leaders in
subgroup S1 can guide the headings of followers close to the preferred heading. For
the system under consideration, the neighbor graphs are determined by the positions
of all agents, and they may change dynamically with time. In the following, we show
that a similar result to that of Lemma 4.1 still holds for the dynamical neighbors
graphs.
A clue from Lemma 4.1 is that each follower is required to have enough leader
neighbors in subgroup S1 to guide the followers to approach the preferred direction
\theta 1 , because a too small number of leader neighbors in S1 does not have the ability
to overcome the ``interference"" of leaders in S2. In Lemma 4.1, the number of the
initial leader neighbors in subgroup S1 is large enough to guarantee the domination
of \theta 1 . In order to maintain this domination, we need to show that the change of the
dynamical neighbor graphs is not too much for the case where the neighbor graphs
are determined by the distance between agents. In the following analysis, we assume
that 0 \leq  \theta 1 \leq  \pi 2 for simplicity of expression.
Lemma 4.2. For the dynamical neighbor graphs defined via the neighbor relations
(2.6),
of Lemma 4.1, the distance between any two agents i \in 
\bigcup  under the conditions
\bigcup 
V1 V3 and j \in  V1 V3 satisfies (t \in  [0, T \ast  ]),
| dij (t)  -  dij (0)|  \leq 

(4.2)
where T \ast  =

C
vn

\alpha 1n
rn ,
64

with C being a positive constant independent of n.

Proof. It is clear that (4.2) holds for t = 0. We assume that it holds for 1 \leq  t \leq  t0
(\leq  T \ast   -  1), and prove this inequality for t = t0 + 1. By (2.1), the distance be-
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\bigcup 
\bigcup 
tween any two agents i \in  V1 V3 and j \in  V1 V3 satisfies | dij (t0 + 1)  -  dij (0)|  \leq 
\sum t0
maxi\in V3 | \theta \widetilde i (s)| . In order to estimate dij (t0 +1), we need to analyze how
2vn +2vn s=1
the maximum dissimilarity maxi\in V3 | \theta \widetilde i (s)|  evolves with time. By (2.8), the headings
of followers satisfy
max | \theta \widetilde i (t + 1)|  \leq  max
i\in V3

i\in V3

ni3 (t)
ni2 (t)
max | \theta \widetilde i (t)|  + max
| \theta 2  -  \theta 1 | 
i\in V3 ni (t)
ni (t) i\in V3

\triangleq  \mu n (t) max | \theta \widetilde i (t)|  + \nu n (t)
i\in V3

\leq  \Pi ts=1 \mu n (s) max | \theta \widetilde i (1)|  +

(4.3)

i\in V3

t \Bigl( 
\sum 
s=1

(t)
and \nu n (t) = maxi\in V3
where \mu n (t) = maxi\in V3 nni3i (t)
i (i \in  V3 ), we introduce the following two sets,

(4.4)
(4.5)

\Bigr) 
\Pi tk=s+1 \mu n (k) \nu n (s),

ni2 (t)
ni (t) | \theta  2

 -  \theta 1 | . For each follower

\Bigl\{ 
\bigl( 
\bigl( 
\alpha 1n \bigr)  \Bigr\} 
\alpha 1n \bigr) 
rn \leq  dij (0) \leq  1 +
rn ,
\scrC i = j \in  V : 1  - 
64
64
\Bigl\{ 
\bigl( 
\bigl( 
\alpha 1n \bigr) 
\alpha 1n \bigr)  \Bigr\} 
\scrC i3 = j \in  V3 : 1  - 
rn \leq  dij (0) \leq  1 +
rn .
64
64

Denote ci and ci3 as the number of agents in the sets \scrC i and \scrC i3 , which are estimated
in Lemma B.4 in Appendix B. Because the inequality (4.2) holds for 0 \leq  t \leq  t0 , for
each follower i (i \in  V3 ), the total neighbors and follower neighbors changed at time
t (\in  [0, t0 ]) in comparison with the corresponding total neighbors and follower neighbors at the initial time are included in the sets \scrC i and \scrC i3 , respectively. Note that
2
\pi \alpha 1n rn
1n 2
maxi\in V3 E\{ I(j \in  \scrC i3 )| Xi (0)\}  \leq  4\pi  \alpha 64
rn = 16
, where E\{ \cdot | \cdot \}  denotes the condi2
n(1 - \alpha 1n  - \alpha 2n )\pi \alpha 1n rn
\cdot 
16
2
n\pi \alpha 1n rn
(1 +
cardinality of the set \scrC i satisfies maxi\in V3 ci \leq 
16
the number of its follower neighbors at time t (\in  [0, t0 ])

tional expection. Thus, by Lemma B.4, we have maxi\in V3 ci3 \leq 

(1 + o(1)). Similarly, the
o(1)). For the followers,
satisfies maxi\in V3 ni3 (t) \leq  maxi\in V3 ni3 (0) + maxi\in V3 ci3 \leq  n(1  -  \alpha 1n (1 + o(1)))Ai +
2
2
n(1 - \alpha 1n  - \alpha 2n )\pi \alpha 1n rn
\pi \alpha 1n rn
(1 + o(1)) \leq  nAi [1  -  \alpha 1n (1 + o(1)) + 16A
] \leq  nAi (1  -  3\alpha 41n (1 +
16
i
o(1))). The number of its total neighbors satisfies ni (t) \geq  mini\in V3 ni (0) - maxi\in V3 ci \geq 
2
2
\pi \alpha 1n rn
n\pi \alpha 1n rn
nAi (1 + o(\alpha 1n ))  - 
(1 + o(1)) \geq  nAi [1 + o(\alpha 1n )  -  16A
(1 + o(1))] \geq  nAi (1  - 
16
i
\alpha 1n
(1
+
o(1))).
Hence,
we
have
4
(4.6)

nAi (1  -  3\alpha 41n (1 + o(1)))
ni3 (t)
\leq  max
\alpha 
i\in V3 ni (t)
i\in V3 nAi (1  -  1n (1 + (1)))
4
\alpha 1n
\leq  1  - 
(1 + o(1)) \triangleq  \alpha 
\widetilde 1n
2

\mu n (t) = max

and
\nu n (t) = max
i\in V3

(4.7)

\leq 

ni2 (t)
n\alpha 2n | \theta 2  -  \theta 1 | 
| \theta 2  -  \theta 1 |  \leq 
(1 + o(1))
ni (t)
nAi

4\alpha 2n | \theta 2  -  \theta 1 | 
(1 + o(1)) \triangleq  \nu \widetilde n .
\pi rn2
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Substituting (4.6) and (4.7) into (4.3), we have
max | \theta \widetilde i (t + 1)|  \leq  (\widetilde 
\alpha 1n )t max | \theta \widetilde i (1)|  +
i\in V3

i\in V3

t
\sum 

(\widetilde 
\alpha 1n )t - s \nu \widetilde n .

s=1

Thus, we have
| dij (t0 + 1)  -  dij (0)|  \leq  2vn + 2vn

t0
\sum 
s=1

+ 2vn

\Biggl\{  t
0
\sum 

\leq  2vn
\biggl( 
\leq  2vn
\leq 

i\in V3

\Biggr\} 
s - 1

(\widetilde 
\alpha 1n )

s=1

\biggl\{ 

max | \theta \widetilde i (s)|  \leq  2vn

\bigl[ 
\bigr] 
t0  - 2
max | \theta \widetilde i (1)|  + 1 + (1 + \alpha 
\widetilde 1n ) + \cdot  \cdot  \cdot  + (1 + \alpha 
\widetilde 1n + \alpha 
\widetilde 1n
) \nu \widetilde n
i\in V3

1
1
(| \theta 1 |  + fn ) + T2\ast 
\nu \widetilde n
1+
1  -  \alpha 
\widetilde 1n
1  -  \alpha 
\widetilde 1n

\biggr\} 

2C 4\alpha 2n
2
| \theta 2  -  \theta 1 | 
(| \theta 1 |  + fn ) +
1+
\alpha 1n
vn \alpha 1n \pi rn2

\biggr) 

\alpha 1n rn
4vn
(| \theta 1 |  + fn ) + o(\alpha 1n rn ) \leq 
,
\alpha 1n
64

where the conditions on \alpha 1n and \alpha 2n are used.
From Lemma 4.2, we see that for the follower i, its total neighbors and follower
neighbors changed at time t (t \leq  T \ast  ) are, respectively, included in the sets \scrC i and
\scrC i3 defined by (4.4) and (4.5). Using this, a result similar to that of Lemma 4.1
is established for the MAS where the neighbor graphs dynamically change with the
distance between agents.
Lemma 4.3. Under the conditions of Lemma 4.1, there exists a time T1\ast  such that
for t \in  [T1\ast  + 1, T \ast  ] with T \ast  defined in Lemma 4.2,
| \theta 1  -  \theta 2 | 
max | \theta \widetilde i (t + 1)|  \leq 
.
i\in V3
4
Proof. By Lemma 4.2, we have \mu n (t) \leq  1  - 
4\alpha 2n | \theta  2  - \theta  1 | 
(1
2
\pi rn

\alpha 1n
2 (1

+ o(1)) \triangleq  \alpha 
\widetilde 1n and \nu n (t) \leq 

+ o(1)). Using (4.3), the headings of followers satisfy the following

relation:
max | \theta \widetilde i (t + 1)| 
i\in V3

t - 1
2
\leq  (\widetilde 
\alpha 1n )t (| \theta 1 |  + fn ) + (1 + \alpha 
\widetilde 1n + \alpha 
\widetilde 1n
+ \cdot  \cdot  \cdot  + \alpha 
\widetilde 1n
)

\leq  (\widetilde 
\alpha 1n )t (| \theta 1 |  + fn ) +

8\alpha 2n | \theta 2  -  \theta 1 | 
(1 + o(1))
\alpha 1n \pi rn2

\leq  (\widetilde 
\alpha 1n )t (| \theta 1 |  + fn ) +

| \theta 2  -  \theta 1 | 
,
6

4\alpha 2n | \theta 2  -  \theta 1 | 
(1 + o(1))
\pi rn2
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where the last inequality holds due to \alpha 1n rn2 \gg  rn
\Biggl\{  \Biggl\lceil 
T1\ast 

= max 1, log

1
12 | \theta  1

 -  \theta 2 | 

| \theta 1 |  + fn

we have for t \in  [T1\ast  + 1, T \ast  ], maxi\in V3 | \theta \widetilde i (t + 1)|  \leq 

\sqrt{} 

log n
n

\gg  \alpha 2n . By taking

1
\cdot 
log(\widetilde 
\alpha 1n )

\Biggr\rceil \Biggr\} 
,

| \theta  2  - \theta  1 | 
.
4

From Lemma 4.3, the dissimilarity between the headings of agents in subgroup
S3 and the preferred direction \theta 2 for t \in  [T1\ast  + 1, T \ast  ] satisfies maxi\in V3 | \theta i (t)  -  \theta 2 |  \geq 
| \theta 1  -  \theta 2 |   -  maxi\in V3 | \theta i (t)  -  \theta 1 |  \geq  3| \theta 14 - \theta 2 |  . If the length of the time interval [T1\ast  + 1, T \ast  ]
is large enough, then the distance between the agents in subgroup S2 and the agents
in subgroup S3 is larger than rn , and they will not be neighbors.
Lemma 4.4. Under the conditions of Theorem 2.10, the distance between the
leader i (i \in  V2 ) in subgroup S2 and the follower j (j \in  V3 ) for t \geq  T \ast  with T \ast 
defined in Lemma 4.2 satisfies
dij (t) \geq  rn .
Proof. We will prove the lemma by considering two cases.
Case I: 0 < \theta 2 \leq  \pi . Note that 0 \leq  \theta 1 \leq  \pi 2 . By Lemma 4.3, for j \in  V3 , if
\theta 2 < \theta 1 , then for t \in  [T1\ast  + 1, T \ast  ], \pi  \geq  \theta j (t) \geq  \theta 1  - 
\theta  2  - \theta  1
4

\theta  1  - \theta  2
4

\geq 

3\theta  1 +\theta  2
4

> \theta 2 \geq  0;

3\theta  1 +\theta  2
4

and if \theta 2 > \theta 1 , then 0 \leq  \theta j (t) \leq  \theta 1 +
=
< \theta 2 \leq  \pi . Taking T2\ast  =
1+rn +2vn T1\ast 
C
\ast 
\lceil 
\rceil  + T1 \leq  vn , the distance between the leader agent i (i \in  V2 ) and
3\theta  1 +\theta  2
vn |  cos \theta  2  - cos

4

| 

the follower agent j (j \in  V3 ) satisfies the following relation:
\ast 

dij (T2\ast 

T2
\bigm| 
\bigm| 
\sum 
\bigm| 
\bigm| 
+ 1) \geq  \bigm| xi (0)  -  xj (0) + vn
(cos \theta 2  -  cos \theta j (s))\bigm| 
s=0
\ast 

\ast 

T2
T1
\bigm|  \sum 
\bigm| 
\bigm|  \sum 
\bigm| 
\bigm| 
\bigm| 
\bigm| 
\bigm| 
\geq  vn \bigm| 
cos \theta 2  -  cos \theta j (s))\bigm|   -  vn \bigm| 
(cos \theta 2  -  cos \theta j (s))\bigm|   -  | xi (0)  -  xj (0)| 
s=T1\ast  +1

s=0

\bigm| 
3\theta 1 + \theta 2 \bigm| \bigm| 
\bigm| 
\geq  vn (T2\ast   -  T1\ast  )\bigm|  cos \theta 2  -  cos
\bigm|   -  2vn T1\ast   -  1
4
(4.8) \geq  rn .
Since the leaders in subgroup S2 will not fall in the neighborhood of the followers,
the heading of the followers will not be affected by the reference signal \theta 2 . By the
heading update equation (2.8), the heading of the followers satisfies
\Biggl\{ 
\geq  3\theta 14+\theta 2 > \theta 2 if \theta 2 < \theta 1 ,
(4.9)
\theta j (T2\ast  + 1)
\leq  3\theta 14+\theta 2 < \theta 2 if \theta 2 > \theta 1 .
Repeating the above process, it can be concluded that (4.8) and (4.9) hold for all
t \geq  T2\ast  + 1.
Case II: \pi  < \theta 2 < 2\pi . For the follower j \in  V3 , by Lemma 4.3, its heading
at time t \in  [T1\ast  + 1, T2\ast  ] satisfies 0 \leq  \theta j (t) \leq  3\theta 14+\theta 2 < \pi  \leq  \theta 2 . Taking T3\ast  =
1+rn +2vn T1\ast 
\lceil 
\rceil  + T1\ast  \leq  vCn , for the leader agent i (i \in  V2 ) and the follower agent
3\theta  1 +\theta  2
vn |  sin

4

 - sin \theta  2 | 
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j (j \in  V3 ), their distance satisfies the following inequality:
\ast 

T3
\bigm| 
\bigm| 
\sum 
\bigm| 
\bigm| 
\ast 
dij (T3 + 1) \geq  \bigm| yi (0)  -  yj (0) + vn
(sin \theta 2  -  sin \theta j (s))\bigm| 
s=0
\ast 

T3
\bigm|  \sum 
\bigm| 
\bigm| 
\bigm| 
\geq  vn \bigm| 
(sin \theta 2  -  sin \theta j (s))\bigm|   -  2vn T1\ast   -  | yi (0)  -  yj (0)| 
s=T1\ast  +1

(4.10)

\bigm| 
\bigm| 
3\theta 1 + \theta 2
\bigm| 
\bigm| 
\geq  vn (T3\ast   -  T1\ast  )\bigm|  sin
 -  sin \theta 2 \bigm|   -  2vn T1\ast   -  1
4
\geq  rn .

The followers will not have leader neighbors of subgroup S2 for t = T3\ast  + 1, and the
headings of followers satisfy

(4.11)

\theta j (T3\ast  + 1) \leq 

3\theta 1 + \theta 2
< \theta 2 .
4

Repeating the above process, we conclude that (4.10) and (4.11) hold for all t \geq  T3\ast  +1.
This completes the proof of the lemma by taking T \ast  = max\{ T2\ast  , T3\ast  \} .
Proof
\bigcup  of Theorem 2.10.
\bigcup  We first prove that the distance between any two agents
i \in  V1 V3 and j \in  V1 V3 satisfies the inequality (4.2) for all t \geq  0. In Lemma
4.2, we have shown that (4.2) holds for t \leq  T \ast  , and we assume that it holds for
T \ast  \leq  t \leq  t0 .
By Lemma 4.4, we see that the followers have no leader neighbors in subgroup
S2 for t \geq  T \ast  . Thus, the headings of followers satisfy
\bigm|  \sum 
\bigm| 
\bigm| 
\bigm| 
\bigcup 
\theta j (t)
j\in \scrN 
(t)
\scrN 
(t)
\bigm| 
\bigm| 
i1
i3
max | \theta \widetilde i (t + 1)|  = max \bigm| 
 -  \theta 1 \bigm| 
i\in V3 \bigm| 
i\in V3
\bigm| 
ni1 (t) + ni3 (t)
\biggl( 
(4.12)

\leq 

max
i\in V3

ni3 (t)
ni1 (t) + ni3 (t)

\biggr) 
max \theta \widetilde i (t).
i\in V3

Using the induction assumption, for the follower i (\in  V3 ), the degrees of followers
have the following bounds for t \leq  t0 , ni1 (t) + ni3 (t) \geq  ni1 (0) + ni3 (0)  -  maxi\in V3 ci \geq 
2
\pi rn
\alpha 1n
1n
nAi (1 + o(\alpha 1n ))  -  4n\pi rn2 \alpha 64
(1 + o(1)) = nAi (1  -  16A
)(1 + o(\alpha 1n )) \geq  nAi (1  - 
i
\alpha 1n
(1
+
o(1))),
and
n
(t)
\leq 
n
(0)
+
max
c
\leq 
n(1
 - 
\alpha 
i3
i3
i\in V3 i3
1n  -  \alpha 2n )Ai (1 + o(\alpha 1n )) +
4
1n 2
4n\pi  \alpha 64
rn (1 + o(1)) \leq  nAi (1  -  43 \alpha 1n (1 + o(1))). Substituting these two inequalities
into (4.12), we obtain
\Bigl( 
\Bigr) 
\alpha 1n
max | \theta \widetilde i (t + 1)|  \leq  1  - 
(1 + o(1)) max | \theta \widetilde i (t)| .
i\in V3
i\in V3
2
Thus, the distance between any two agents i \in  V1

\bigcup 

V3 and j \in  V1

\bigcup 

V3 satisfies the
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following inequality:
t0
\sum 

| dij (s + 1)  -  dij (s)|  \leq  2vn + 2vn

s=0

s=1

+ 2vn

\Biggl\{  t
0
\sum 

\biggl( 
\leq  2vn 1 +

s - 1

(\widetilde 
\alpha 1n )

s=1

\leq 

t0
\sum 

max | \theta \widetilde i (s)|  \leq  2vn
i\in V3

\Bigl[ 
\Bigr] 
T \ast   - 2
max | \theta \widetilde i (1)|  + 1 + (1 + \alpha 
\widetilde 1n ) + \cdot  \cdot  \cdot  + (1 + \alpha 
\widetilde 1n + \alpha 
\widetilde 1n
) \nu \widetilde n

\Biggr\} 

i\in V3

C 4\alpha 2n
2
| \theta 2  -  \theta 1 | 
(| \theta 1 |  + fn ) +
\alpha 1n
vn \alpha 1n \pi rn2

\biggr) 

\alpha 1n rn
.
64

By mathematical induction, it is clear that (4.2) holds for all t \geq  0. By (4.12), the
headings of followers have the following property:
\Bigr) t
\Bigl( 
\alpha 1n
(1 + o(1)) max | \theta \widetilde i (1)|  \rightarrow  0, as t \rightarrow  \infty .
max | \theta \widetilde i (t + 1)|  \leq  1  - 
i\in V3
i\in V3
2
This completes the proof of Theorem 2.10.
5. Concluding remarks. In this paper, we consider the consensus decisionmaking problem of spatially distributed MASs where the neighbor relations are defined via the spatial relative positions. We obtained some quantitative results for the
proportion of leaders needed in reaching the stable consensus for two cases: leaders with the same preference and leaders with different preferences. Our results can
provide theoretical explanations for the observations in biological systems, and the
analytical methods may be applied to analyze engineering systems and social networks. Some open problems deserve to be further investigated, for example, how to
analyze a spatial distributed system when the proportions of two subgroups of leaders
are equal? If the agents obey the three local rules for flocking, attraction, alignment,
and repulsion, what is the proportion of leaders needed for a stable consensus?
Appendix A. Properties of the initial degrees and headings (I). We first
introduce some results on the estimation of the initial leader degree and the follower
degree for the system where the leaders have the same preference.
\sqrt{} 
Lemma A.1 (see [36]). If the neighborhood radius rn satisfies logn n \ll  rn \ll  1,
then the following assertions hold almost surely for large n:
\bigm| 
\sum  \bigl\{ 
\bigm| 
\bigr\} \bigm| \bigm| 
\bigm| 
max \bigm| ni1 (0)  - 
E I(j \in  Ni1 (0))\bigm| Xi (0) \bigm|  = O(\phi n ),
i\in V

j\in V1

\bigm| 
\sum  \bigl\{ 
\bigm| 
\bigr\} \bigm| \bigm| 
\bigm| 
max \bigm| ni2 (0)  - 
E I(j \prime  \in  Ni2 (0))\bigm| Xi (0) \bigm|  = O(\varphi n ),
i\in V

j \prime  \in V2

where \phi n = (n\alpha n rn2 log n)1/2 , \varphi n = (nrn2 log n)1/2 , and E\{ \cdot | \cdot \}  denotes the conditional
expection.
Corollary A.2. Suppose that the neighborhood radius satisfies the condition
n
used in Lemma A.1. If the proportion of leaders satisfies log
nr 2 \ll  \alpha n \ll  1, then
n
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the leader degree and follower degree of all agents at t = 0 satisfy
ni1 (0)
= \alpha n (1 + o(1)), a.s.,
ni (0)
1
(2) n\alpha n \pi rn2 (1 + o(1)) \leq  min ni1 (0) \leq  max ni1 (0) \leq  n\alpha n \pi rn2 (1 + o(1)), a.s.,
i\in V
i\in V
4
1
(3) n\pi rn2 (1 + o(1)) \leq  min ni2 (0) \leq  max ni2 (0) \leq  n\pi rn2 (1 + o(1)), a.s.
i\in V
i\in V
4
(1)

\prime 
Proof.
By\bigl\{ Lemma A.1, it\bigm|  is clear
constants
C and C
\bigm|  such\bigr\} 
\bigr\}  there exist two positive
\bigl\{ 
\sum 
\sum 
\bigm| 
\bigm| 
that j\in V1 E I(j \in  Ni1 (0)) Xi (0)  - C\phi n \leq  ni1 (0) \leq  j\in V1 E I(j \in  Ni1 (0)) Xi (0)
\bigm| 
\bigl\{ 
\bigr\} 
\bigl\{ 
\sum 
\sum 
+C\phi n and j \prime  \in V2 E I(j \prime  \in  Ni2 (0))\bigm| Xi (0)  -  C \prime  \varphi n \leq  ni2 (0) \leq 
E I(j \prime  \in 
\prime  \in V
j
2
\bigm| 
\bigr\} 
Ni2 (0))\bigm| Xi (0) + C \prime  \varphi n hold almost surely for large n. By the independency and uniform distribution of the\bigl\{ positions of all\bigm|  agents,
\bigm|  initial
\bigr\}  we see\bigl\{ that for the given
\bigr\}  position
Xi (0) of the agent i, E I(j \in  Ni1 (0))\bigm| Xi (0) and E I(j \prime  \in  Ni2 (0))\bigm| Xi (0) are equal
to the area of the neighborhood
of agent\bigm|  i for\bigr\} any leader
\bigm|  any\bigr\} follower
\bigl\{ 
\bigl\{  \prime  j \in  V1 and
\bigm| Xi (0) \leq  \pi rn2 .
j \prime  \in  V2 . Thus, 41 \pi rn2 \leq  E I(j \in  Ni1 (0))\bigm| Xi (0) =
E
I(j
\in 
N
(0))
i2
\bigm| 
\bigr\} 
\bigl\{ 
\sum 
1
2
By this equation, we have 4 n\alpha n \pi rn \leq 
E I(j \in  Ni1 (0))\bigm| Xi (0) \leq  n\alpha n \pi rn2
j\in V
1
\bigm| 
\bigl\{ 
\bigr\} 
\sum 
and 41 n(1  -  \alpha n )\pi rn2 \leq  j \prime  \in V2 E I(j \prime  \in  Ni2 (0))\bigm| Xi (0) \leq  n(1  -  \alpha n )\pi rn2 . Using the
\sqrt{} 
n
2
conditions logn n \ll  rn \ll  1 and log
2 \ll  \alpha n \ll  1, we have \phi n = o(n\alpha n rn log n) and
nrn
\varphi n = o(nrn2 log n). Hence, we obtain that
\bigm| 
\bigl\{ 
\bigr\} 
ni1 (0) = n\alpha n E I(j \in  Ni1 (0))\bigm| Xi (0) (1 + o(1)),
\bigm| 
\bigl\{ 
\bigr\} 
ni2 (0) = n(1  -  \alpha n )E I(j \prime  \in  Ni2 (0))\bigm| Xi (0) (1 + o(1)).

Therefore, by these two equations and the above analysis, we have
\bigm| 
\bigl\{ 
\bigr\} 
n\alpha n E I(j \in  Ni1 (0))\bigm| Xi (0) (1 + o(1))
ni1 (0)
\bigm| 
\bigr\} 
\bigl\{ 
=
= \alpha n (1 + o(1)),
ni2 (0)
n(1  -  \alpha n )E I(j \prime  \in  Ni2 (0))\bigm| Xi (0) (1 + o(1))
and the inequalities (2) and (3) can be easily obtained.
n
Remark A.3. If the proportion of leaders satisfies \alpha n \ll  log
2 , then assertions (1)
nrn
and (2) of the corollary do not hold, but the assertion (3) for the estimation of the
followers still holds.

In the following, we will estimate the properties of headings at\sum t = 1. According to the update equation of headings, for any i \in  V2 , \theta i (1) =
j\in Ni (0) \theta j (0) =
\sum 
I
\theta 
(0).
It
is
clear
that
for
different
j
and
j
,
the
random
variables
1
2
j\in V j\in Ni (0) j
Ij1 \in Ni1 (0) \theta j1 (0) and Ij2 \in Ni1 (0) \theta j2 (0) are not independent. Thus, the law of large numbers is not suitable to deal with such a case. By introducing a martingale difference
sequence, we use the multiarray martingale estimation theorem to obtain the following
theorem.
\sqrt{} 
log n
Lemma A.4. If the neighborhood radius satisfies
\ll  rn \ll  1, then the
n
following assertions hold almost surely for large n:
max | \theta i (1)  -  \omega \theta 0 |  \leq  (1  -  \omega )Ln ,
i\in V1

max | \theta i (1)|  \leq  Ln ,
i\in V2

\sqrt{} 
log n
where Ln = 4 3\pi nr
(1 + o(1)).
2
n
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Proof. Set \scrF 0 (n) = \{ \emptyset , \Omega \}  and \scrF i (n) = \sigma  \{ \theta j (0), (xq (0), yq (0)), j \leq  i, 1 \leq  q \leq  n\} 
with 1 \leq  i \leq  n. Under Assumption 2.1, for 1 \leq  j \leq  n, I(j \in  Ni (0)) is \scrF i (n)measurable for all i. Moreover, for any 1 \leq  j \leq  n, we have E\{ \theta j (0)| \scrF j - 1 (n)\}  =
2
E\theta j (0) = 0, and E\{ \theta j2 (0)| \scrF j - 1 (n)\}  = E\theta j2 (0) = \pi 3 . Thus, \{ \theta j (0), \scrF j (n), 1 \leq  j \leq  n\} 
is a martingale difference sequence with constant conditional variance.
Using Lemma A.1, we have
max
i\in V

n
\sum 

I (j \in  Ni (0)) \leq  max ni1 (0) + max ni2 (0) \leq  n\pi rn2 (1 + o(1)).
i\in V

j=1

i\in V

\sqrt{} 
log n
Set cn = \pi 2 3n\pi r
2 , using the multiarray martingale lemma (Lemma 7 in [15]), we
n
have for large n
\bigm| 
\bigm| 
\bigm| 
\bigm|  n
\bigm| 
\bigm|  \sum 
\sum 
\bigm| 
\bigm| 
1
\bigm| 
\bigm| 
\bigm| 
cn I (j \in  Ni (0)) \theta j (0)\bigm| \bigm| 
\theta j (0)\bigm|  =
max \bigm| 
max \bigm| 
i\in V
cn i\in V \bigm|  j=1
\bigm| 
j\in Ni (0)

(A.1)

\sqrt{} 
\pi  2
3 log n
\leq 
n\pi rn2 cn (1 + o(1)) +
= \pi  3n\pi rn2 log n(1 + o(1)),
4
cn

a.s.

Therefore, by (2.2) and Corollary A.2, we have
\bigm|  \sum 
\bigm| 
\bigm| 
\bigm| 
\bigm|  j\in Ni (0) \theta j (0) \bigm| 
max | \theta i (1)  -  \omega \theta 0 |  = (1  -  \omega ) max \bigm| 
\bigm| 
i\in V1 \bigm| 
i\in V1
\bigm| 
ni (0)
\sqrt{} 
\pi  3n\pi rn2 log n(1 + o(1))
= (1  -  \omega )Ln .
\leq  (1  -  \omega )
1
2
4 n\pi rn (1 + o(1))
Similarly, by (2.3), the headings of followers satisfy
\sqrt{} 
\bigm|  \sum 
\bigm| 
\bigm| 
\bigm| 
3\pi  log n
\bigm|  j\in Ni (0) \theta j (0) \bigm| 
(1 + o(1)),
max | \theta i (1)|  = max \bigm| 
\bigm|  \leq  4
i\in V2 \bigm| 
i\in V2
\bigm| 
ni (0)
nrn2

a.s.

Appendix B. Properties of the initial degrees and headings (II). In this
section, we estimate the initial leader degree, the follower degree, and the heading
properties for the system where the leaders have different preferences.
\sqrt{} 
log n
Lemma B.1. Assume that the neighborhood radius rn satisfies
\ll  rn \ll 
\sqrt{}  n
log n
1, and the proportion of leaders in subgroup S1 satisfies \alpha 1n \gg 
2 . Then the
nrn
following assertions hold almost surely for large n:
\bigm| 
\bigm| 
\sum 
\bigm| 
\bigm| 
\bigm| 
max \bigm| ni (0)  - 
E\{ I(j \in  \scrN i (0))\bigm| Xi (0)\} \bigm|  \leq  C1 \varphi n ,
i\in V3

j\in V

\bigm| 
\bigm| 
\sum 
\bigm| 
\bigm| 
\bigm| 
max \bigm| ni1 (0)  - 
E\{ I(j \in  \scrN i1 (0))\bigm| Xi (0)\} \bigm|  \leq  C2 \psi n ,
i\in V3

j\in V1

\bigm| 
\bigm| 
\sum 
\bigm| 
\bigm| 
\bigm| 
max \bigm| ni3 (0)  - 
E\{ I(j \in  \scrN i3 (0))\bigm| Xi (0)\} \bigm|  \leq  C3 \varphi n ,
i\in V3

j\in V3

where C1 , C2 , and C3 are positive constants independent of n, \varphi n = (nrn2 log n)1/2 ,
and \psi n = (n\alpha 1n rn2 log n)1/2 , and E\{ \cdot | \cdot \}  denotes the conditional expectation.
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The above lemma can be obtained by following the proof of Lemma 11 in [36],
and we omit the proof details.
Remark B.2. Denote Ai as the area of the circle lying in the unit square centered
\pi r 2
at Xi (0) with the\bigm|  radius rn . For any agent j,\bigm|  we have 4n \leq  E\{ I(j \in  Ni (0))| Xi (0)\}  =
E\{ I(j \in  Ni1 (0))\bigm| Xi (0)\}  = E\{ I(j \in  Ni3 (0))\bigm| Xi (0)\}  = Ai \leq  \pi rn2 .
\sqrt{} 
log n
\ll  rn \ll  1, and the
Lemma B.3. If the neighborhood radius satisfies
n
\sqrt{} 
log n
proportion of leaders in subgroups S1 and S2 satisfies \alpha 1n \gg 
and \alpha 2n \ll 
2
nrn
\sqrt{} 
vn rn logn n , respectively, then we have for large n
max | \theta \widetilde i (1)|  \leq  (| \theta 1 |  + fn )(1 + o(1)),
i\in V3

a.s.,

\sqrt{} 
n
where fn = O( log
nr 2 ).
n

Proof. Using methods similar
\sqrt{} term of the averaged heading
\sum  to that of (A.1), the
can be estimated by maxi\in V3 |  j\in Ni3 (0) \theta j (0)|  \leq  \pi  3n\pi rn2 log n(1 + o(1)) almost
surely. By (2.8) we have, for the follower i,
\sum 
ni2 (0)| \theta 2  -  \theta 1 |  + |  j\in \scrN i3 (0) \theta j (0)|  + ni3 (0)| \theta 1 | 
\widetilde 
max | \theta i (1)|  \leq  max
.
i\in V3
i\in V3
ni (0)
Case I: \theta 1 \not = 0. By
2
n(1 - \alpha 1n  - \alpha 2n )\pi rn
(1+o(1))
\gg 
4

the conditions on rn , \alpha 1n , and \alpha 2n , we have ni3 (0) \geq 
\sqrt{} 
\surd 
n\pi rn2 log n \gg  vn rn n log n \gg  n\alpha 2n \geq  ni2 (0). Thus,

we have
ni3 (0)| \theta 1 | 
(1 + o(1))
i\in V3
ni (0)
n(1  -  \alpha 1n  -  \alpha 2n )Ai
= max
| \theta 1 | (1 + o(1)) \leq  | \theta 1 | (1 + o(1)).
i\in V3
nAi

max | \theta \widetilde i (1)|  = max
i\in V3

\sqrt{}  Case II: \theta 1 = 0. By the conditions of the lemma, we have ni2 (0) \leq  n\alpha 2n \ll 
nrn2 log n. Thus,
\sqrt{} 
\pi 
3n\pi rn2 log n(1 + o(1)))
max | \theta \widetilde i (1)|  \leq  max
i\in V3
i\in V3
nAi
\sqrt{} 
2
\pi  3n\pi rn log n(1 + o(1))
\leq 
n\pi r 2 (1+o(1))
n

4

\sqrt{} 
= 4\pi 

3 log n
(1 + o(1)).
n\pi rn2

Following the proof of Lemma 11 in [36], we can estimate the number of agents
in the sets \scrC i and \scrC i3 .
Lemma B.4. Under the conditions of Lemma B.3 we have, for large n,
\bigm| 
\bigm| 
\sum 
\sqrt{} 
\bigm| 
\bigm| 
max \bigm| ci  - 
E\{ I(j \in  \scrC i )| Xi (0)\} \bigm|  \leq  C4 nrn2 log n, a.s.,
i\in V3

j\in V

\bigm| 
\bigm| 
\sum 
\sqrt{} 
\bigm| 
\bigm| 
max \bigm| ci3  - 
E\{ I(j \in  \scrC i3 )| Xi (0)\} \bigm|  \leq  C5 nrn2 log n,
i\in V3

a.s.,

j\in V3

where C4 and C5 are positive constants independent of n.
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