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Abstract— In the optimal sampling problem, we are inter-
ested in selecting the optimal subset of times to sample a sensor
such that the mean square estimation error (MSE) between the
unobserved states and the estimated states is minimized. In
this problem, the states evolve according to a discrete, LTI
system and the sensor takes measurements according to a
discrete, LTI system. A Kalman Filter recursively estimates
the evolving states based on the sensor measurements. Ideally,
we would select all available times (in the horizon of interest)
to sample the sensor for estimating the states. However, there
are communication and energy costs affiliated with sampling
and therefore we aim to minimize the estimation error when
the number of times we can sample is fixed. There have been
multiple attempts to solve this problem by relaxing the original
problem, which is NP-hard. Such relaxations allow for nice
algorithms, but provide no guarantees on the gap between the
solution of the relaxed problem and the solution of the original
problem. We leverage the idea of supermodularity in discrete
optimization to show a greedy solution to the sampling problem
will produce a near-optimal solution with an approximation
factor. To prove the supermodularity property for the mean
squared estimation error as a function of samples, we make a
few assumptions: the covariance matrices for the system and
measurement noise are diagonal matrices of the form constant
times identity with certain restrictions on the constant; C and
A matrices only have positive elements.

I. INTRODUCTION

Environmental monitoring and target tracking are a few

examples in which sensor networks are used to gather

information about a dynamical system. Some problems with

sensor networks include limitations on battery life and band-

width capacity. Hence, we must frugally use the resources

at hand to minimize the estimation error. The limitation on

sensor resources is ensured by capping the number of times

the sensor is activated. For example, if we are estimating the

state over an interval of 10 time units, we may allow the

sensor to be activated for only half of the 10 time units. The

problem of sensor networks monitoring dynamical systems

has different variants. The example we use in this paper

includes the following components:

• The states of a dynamical system evolve in discrete

time units according to a linear, time-invariant equation

corrupted with Gaussian noise.

• The sensor network can be composed of one or multiple

sensors that observe the dynamical system. For clarity,

we focus on a single sensor, but the problem can be
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easily extended to multiple sensors by concatenating the

multiple sensor measurements into one measurement.

• The sensors are stationary and not mobile.

• The sensor network is limited by battery life and

bandwidth constraints. Therefore, we only allow the

sensor to be active and communicate a fixed number

of times (i.e. p times) over the entire time interval.

Given this fixed number, p, the question is what is the

“optimal” subset (i.e. of fixed size p) of measurement

times to sample the sensor. Sampling includes activating

the sensor and communicating the sensor measurements

to a fusion center. The “optimal” subset is the subset

that minimizes the mean square estimation error.

The problem of minimizing the mean square estimation

error over an entire time interval with the above cardinality

constraint is solved using a greedy algorithm. The greedy

algorithm, as discussed in Section III C, provides an offline

policy of the times to sample the sensor. The algorithm works

offline as follows: Choose the sample that minimizes the

MSE (which is an error in expectation of both the states

evolving and the measurements being taken). Next, choose

the sample that minimizes the estimation error given the

first sample, and so on. The choice of a greedy algorithm is

justified by proving that the MSE in the sampling problem

is supermodular.
The paper is organized as follows: section II sets up

the problem formulation. In section III B we prove the

supermodularity of the MSE at fixed time k and in section III

D we prove the result for the total MSE. In section III C, we

provide a greedy algorithm that gives a near-optimal solution.

In section IV, we provide a simulation to empirically show

the effectiveness of our algorithm. We conclude in section

V .
Problem: Consider a dynamical system evolving dis-

cretely from time k = 0 . . . N − 1 with states xk+1 and

minimum mean square estimates x̂k+1. Also, consider a

measurement system with sensor measurements yk . If there

are N measurement times, select the optimal p out of N
measurement times that will minimize the mean square

estimation error.
Sampling for Kalman Filter: The Kalman Filter is a

linear estimation algorithm that recursively estimates the

states of a dynamical system based on past measurements,

YK = (y(i))Ki=0. The Kalman Filter state estimate, x̂ is the

minimum square error of all estimates. In other words, x̂ is

argminh∈H E[(x− h)′(x− h)|YK ] where H is the set of

all possible estimates. The estimation error equals the trace

of the covariance matrix. In other words, E[(x− x̂)′(x− x̂)]
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equals tr(Σ), where the covariance matrix Σ equals E[(x−
x̂)(x− x̂)′]. The goal is to minimize the MMSE based on a

select subset of times sampled.

Literature Review: Previous works in the field of sensors

and supermodularity have mostly focused on a different

sensor scheduling problem in which r out of m sensors must

be selected at every time step. Jawaid and Smith [1] have

shown that logdet of the conditional error covariance of the

Kalman Filter in this problem is not sequence supermodular.

Tzoumas et al. have shown in [2] that logdet for batch

state estimation is supermodular. Additionally, Tzoumas et al.

[3] have proven that conditional entropy when the dynamic

process is stochastic is supermodular as well. Singh et al. [4]

show the mean square estimation error in a single-time step is

supermodular under strict conditions of the information and

observation matrices. These papers claim that the MMSE

when scheduling r out of m sensors at each time step is

not in general supermodular. In contrast in our non-uniform

sampling problem, a sensor is sampled intermittently and

not at every time step. The question becomes how should we

effectively sample the measurements over time. A continuous

version of this problem is discussed in the seminal paper by

Baras and Bensoussan [16] in 1989. In 2002, Astrom and

Bernhardsson [17] showed that event-driven sampling can

outperform periodic sampling with respect to the estimation

error. The sampling problem is further discussed in the

following papers [5] and [6]. In [5] Soleymani and Baras

solve a relaxed problem with no cardinality constraint but

with an augmented cost function that includes estimation

error and cost of transmission. To the best of our knowledge,

this is the first paper to provide a proof that the MMSE in

the sampling problem is supermodular when the covariance

of the measurement noise is diagonal.

Contribution: We prove the MMSE for the sampling

problem is supermodular and therefore a greedy algorithm

will produce a near-optimal solution. Others have proved

logdet and conditional entropy of estimation error (and not

MMSE) are supermodular. Also, they have shown their

results for a different problem than our sampling problem.

They have shown it for the sensor scheduling problem where

there are m sensors and r out of them must be chosen at

every time step. In that problem sensor measurements are

taken every time step, while in our problem measurements

are taken intermittently.

II. PROBLEM FORMULATION

In this section, we formulate the optimization problem

associated with the non-uniform sampling problem.

A. Dynamics and Measurement Model

First, consider the discrete, LTI dynamics equation

xk+1 = Axk + wk, k = 0 . . . N − 1,

where xk ∈ R
n and wk ∈ R

n are the state and noise

vectors, respectively. Consider the discrete, LTI measurement

equation

yk = Cxk + vk, k = 0 . . . N − 1,

where yk ∈ R
m and vk ∈ R

m are the mea-

surement and noise vectors, respectively. Assume that

x0, w0, . . . , wN−1, v0, . . . , vN−1 are independent random

vectors where

E[wk] = E[vk] = 0, k = 0 . . . N − 1

Let Wk = (wk)
k
i=0 and Vk = (vk)

k
i=0 be vectors with

covariance matrices

Σw = E[WkW
′
k], Σv = E[VkV

′
k]

B. Non-Recursive Formulation of Kalman Filtering Algo-
rithm

We borrow the notation from [7] to set up the non-

recursive formulation of the Kalman Filter Algorithm and its

MMSE at a fixed time k when the covariance of the measure-

ment noise is diagonal. Define Yk = (y′0, y
′
1, . . . , y

′
k)

′ where

Yk ∈ R
m(k+1). Also, define rk−1 = (x′

0, w
′
0, w

′
1, . . . , w

′
k−1)

′

where rk−1 ∈ R
n(k+1). We can express xk as a function of

rk−1

xk = Lk−1rk−1 (1)

where Lk−1 is the n x n(k + 1) matrix

Lk−1 = (Ak, Ak−1, . . . , A, I)

Yk can be formulated non-recursively

Yk = Φk−1rk−1 + Vk (2)

where Vk = (v′0, v
′
1, . . . , v

′
k)

′ and Φk−1 is a matrix of size

m(k + 1) x n(k + 1)

Φk−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

C 0

CL0 0

...
...

CLk−2 0
CLk−1

⎞
⎟⎟⎟⎟⎟⎟⎠

Consider the covariance (Ωrk−1
) and conditional covariance

(Σrk−1
) of rk−1.

Ωrk−1
:= E((rk−1 − E[rk−1])(rk−1 − E[rk−1]

′) (3)

Σrk−1
:= E[(rk−1 −E[rk−1|Yk])(rk−1 −E[rk−1|Yk])

′] (4)

We also have the conditional estimate x̂k|k.

x̂k|k := E[xk|Yk] (5)

With these definitions, we get an equation for the conditional

covariance of rk−1 in terms of the covariance of rk−1

Σrk−1
= Ωrk−1

− Ωrk−1
Φ′

k−1(Φk−1Ωrk−1
Φ′

k−1 +ΣV )
−1

Φk−1Ωrk−1

(6)

The equation for the state estimate in terms of rk−1 is

x̂k|k = Lk−1r̂k−1(Yk) (7)
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For clarity in the future, we ignore the subscripts of equation

(6) and assume ΣV = σ2I to get the following equation for

the error covariance of rk−1

Σ = Ω− ΩΦ′(ΦΩΦ′ + σ2I)
−1

ΦΩ (8)

Now applying definition (4) and equation (7) we get the

estimation error covariance matrix

E[(xk − x̂k|k)(xk − x̂k|k)′] = Lk−1Σrk−1
L′
k−1 (9)

Using the cyclic property of trace, the MMSE (ek) is the

trace of equation (9)

ek := E[(xk − x̂k|k)2] (10)

= trE[(xk − x̂k|k)(xk − x̂′
k|k)] (11)

= tr(Lk−1Σrk−1
L′
k−1) (12)

= tr(L′
k−1Lk−1Σrk−1

) (13)

Note, e0 is by definition 0. Define Hk−1 := L′
k−1Lk−1.

Now, using this definition and equation (8) of Σrk−1
, the

error covariance of rk−1, we get the MMSE (ek) at time k.

ek = tr(Hk−1Σrk−1
) (14)

= tr(Hk−1(Ω− ΩΦ′(ΦΩΦ′ +ΣV )
−1

ΦΩ)) (15)

Lemma 1. When ΣV = σ2I , the error covariance of rk−1

as shown by equation (8) can be simplified to

Σrk−1
= σ2((Φ′Φ+ σ2Ω−1)−1 (16)

Proof: See Appendix for the Proof

C. Sensor Sampling Model

Let S be a sensor selection matrix of size mp x m(k+1). It

is a block matrix whose block [S]i,j = I if the sensor at time

tj is activated. Otherwise [S]i,j = 0. In S there is one identity

matrix per row, whose placement indicates at which time

transmission occurs. There is at most one identity matrix per

column. For example, for k = 3, if sensors at time 1 and 3 are

sampled then S =

[
I 0 0
0 0 I

]
. Using the selection matrix,

the non-recursive solution for Yk in equation (2) becomes

SYk = SΦk−1rk−1 + SVk (17)

Therefore, Φk−1 becomes SΦk−1 and ΣV = σ2I becomes

σ2SIS′. Now, SIS′ = SS′ = I whose size is mp x mp. SS′

equals an identity matrix, because S has a single I in each

row and at most a single I in each column. Based on equation

(8) and given k ∈ {0 . . . N − 1}, choose p out of k + 1
measurement times to be sampled. If we are interested in

the MMSE at time k, ek, we can only sample measurements

whose times are ≤ k. However, if we are interested in MMSE

at time N−1, eN−1, all measurement times are accessible to

be sampled. Let P be the sets of measurement times whose

cardinality is p. In other words |P | = p. Let Q be the set

of indices of measurement times that are sampled and let

q ∈ Q. In comparison to rk−1 = (x′
0, w

′
0, w

′
1, . . . , w

′
k−1)

′,
define rpk−1 as the p-sized subset of rk−1

rpk−1 = (x′
0, w

0′, w1′, . . . , wq ′, . . . , wp′)′

where wq ∈ {w0, w1, . . . , wk−1} for all q ∈ Q. Let SP be

the selection matrix that selects the set P of measurement

times. Instead of the conditional covariance of rk−1 as shown

by equation (16), the conditional covariance of rpk−1 is

Σr
p
k−1 = σ2((SPΦ)′(SPΦ) + σ2Ω−1)−1 (18)

D. Optimization Formulation

Problem: For a fixed k ∈ {0 . . . N − 1}, given a set of

measurement times, (0, 1, . . . , k), select a subset of these

times (of size p out of total size k + 1) for the sensor to be

sampled in order to minimize the MMSE (ek) at time k ,

where ek = tr(Hk−1Σrk−1
).

We recap the following definitions:

P : the set of sampled measurements of size p, where P ⊆ Yk

Q: the set of indices of the measurement steps

SP : the selection matrix corresponding to set P .

Note, Σp
rk−1

is a function of P .

We arrive at the following optimization problem for min-

imizing the MMSE at time k

minimize
P⊆Yk

tr(Hk−1Σ
p
rk−1

)

subject to |P | ≤ p
(19)

The problem above is NP-hard [18].

III. MAIN RESULT

In this section, we show that a greedy algorithm will solve

the optimization problem (19) to an approximation factor by

first showing the MMSE at time k is supermodular as a

function of the subset of measurements and then showing

the same for the total MMSE for the entire time interval,

not just a fixed time k.

A. Supermodularity

Definition III.1. For finite set V , subsets A and B and set

function f : 2V �−→ R, supermodularity of set function f
can be defined as ∀A ⊆ B ⊆ V and ∀j ∈ V \B

f(B + j)− f(B) ≥ f(A+ j)− f(A)

This is equivalent to ∀A ⊆ V and ∀i, j ∈ V \A
f(A+ i+ j)− f(A+ i) ≥ f(A+ j)− f(A)

where f(A+ j) stands for f(A ∪ j) assuming j /∈ A.

See [8] and [9] for supermodularity definition.

B. Supermodularity of Mean Square Error at Fixed Time

Using the supermodularity definition, we set V = Yk, A =
P , and f(P ) = ek = tr(Hk−1Σ

p
rk−1

) where f : 2V �−→ R

and A ⊆ V .

To prove supermodularity of the MMSE (ek) at time k as a

function of the subset of sampled measurements yj , yl for

any k ∈ {0 . . . N − 1} we must show ∀ yj , yl ∈ Yk\P
f(P + yj + yl)− f(P + yj) ≥ f(P + yl)− f(P ) (20)
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Substituting the definitions for f , V , and A, the proof of

supermodularity requires showing

tr(Hk−1Σ
P+yj+yl
rk−1

)− tr(Hk−1Σ
P+yj
rk−1

)

≥ tr(Hk−1Σ
P+yl
rk−1

)− tr(Hk−1Σ
P
rk−1

)
(21)

Theorem 1. The mean square estimation error at time
tk (ek), is supermodular as a function of the sampled
measurements. In other words, equation (21) holds true.

Proof: Rewrite equation (18) for the conditional covari-

ance Σrk−1
but with different selection matrices SP+yj+yl ,

SP+yj , SP+yl , and SP for selected sets {P ∪ yj ∪ yl},

{P ∪ yj}, {P ∪ yl}, and {P}.

ΣP+yj+yl
rk−1

= σ2((SP+yj+ylΦ)′(SP+yj+ylΦ) + σ2Ω−1)−1 (22)

ΣP+yj
rk−1

= σ2((SP+yjΦ)′(SP+yjΦ) + σ2Ω−1)−1 (23)

ΣP+yl
rk−1

= σ2((SP+ylΦ)′(SP+ylΦ) + σ2Ω−1)−1 (24)

ΣP
rk−1

= σ2((SPΦ)′(SPΦ) + σ2Ω−1)−1 (25)

Let Iej = [0 . . . I . . . 0] be a block matrix where each block

is of size m x m(k + 1) and the block I is placed in the

jth block entry. SP+ej and SP+el are both matrices of size

m(p+ 1) x m(k + 1). We break SP+ej into two matrices.

SP+ej =

[
SP

0

]
+

[
0
Iej

]

Let

A =

[
SP

0

]
and B =

[
0
Iej

]

so that SP+ej = A + B where A and B are both matrices of

the same size as SP+ej . Therefore,

(SP+yj )′(SP+yj ) = (B′ +A′)(B +A)

= A′A+B′A+A′B +B′B

= IejI
′
ej + 0 + 0 + (SP )′(SP )

Also,

(SP+yl)′(SP+yl) = IelI
′
el
+ 0 + 0 + (SP )′(SP )

Additionally, SP+ej+el is a matrix of size m(p+2)×m(k+1).
Similarly , we can break SP+ej+el into two matrices and

subsequently for (SP+ej+el)′(SP+ej+el) we get

(SP+ej+el)′(SP+ej+el) = IejI
′
ej+IelI

′
el
+0+0+(SP )′(SP )

Therefore using equations (22)-(25) of Σrk−1
for

different sets and substituting the definitions for

(SP+ej+el)′(SP+ej+el), (SP+ej )′(SP+ej ), and

(SP+el)′(SP+el) we get Σrk−1
for different sets

ΣP+yj+yl
rk−1

= σ2(Φ′(IejI
′
ej+IelI

′
el
+(SP )′(SP ))Φ+σ2Ω−1)−1

ΣP+yj
rk−1

= σ2(Φ′(IejI
′
ej+(S

P )′(SP ))Φ+σ2Ω−1)−1

ΣP+yl
rk−1

= σ2(Φ′(IelI
′
el
+ (SP )′(SP ))Φ + σ2Ω−1)−1

ΣP
rk−1

= σ2(Φ′((SP )′(SP ))Φ + σ2Ω−1)−1

Define the following matrices C̃ , B̃, Ã

C̃ = σ−2(Φ′((SP )′(SP ))Φ + σ2Ω−1),

B̃ = σ−2(Φ′(IejI
′
ej )Φ)

Ã = σ−2(Φ′(IelI
′
el
)Φ)

The eigenvalues of C̃, B̃, Ã are ≥ 0, because the product of

a matrix and its conjugate is positive definite.

Rewrite the matrices from equations (22)-(25) in terms of C̃,

B̃, and Ã

ΣP+yj+yl
rk−1

= (C̃ + B̃ + Ã)−1

ΣP+yj
rk−1

= (C̃ + B̃)−1

ΣP+yl
rk−1

= (C̃ + Ã)−1

ΣP
rk−1

= (C̃)−1

Using the Σrk−1 matrices in terms of C̃, B̃, Ã, and substi-

tuting them into equation (21), we prove supermodularity as

a function of sampled measurements by showing

tr(Hk−1(C̃ + B̃ + Ã)−1)− tr(Hk−1(C̃ + B̃)−1)

≥ tr(Hk−1(C̃ + Ã)−1)− tr(Hk−1(C̃)−1)

By linearity property of trace and by distributing Hk−1 into

the parentheses with the inverse, the inequality becomes

tr((H−1
k−1C̃+H

−1
k−1B̃+H

−1
k−1Ã)−1−(H−1

k−1C̃+H
−1
k−1B̃)−1)

≥ tr((H−1
k−1C̃ +H−1

k−1Ã)−1 − (H−1
k−1C̃)−1)

(26)

Let F = H−1
k−1C̃, G = H−1

k−1B̃, H = H−1
k−1Ã. With these

definitions equation (26) becomes

tr((F +G)−1)− tr((F +G+H)−1)

≤ tr((F )−1)− tr((F +H)−1)

Since the eigenvalues of C̃, B̃, Ã, and Hk−1 are ≥ 0,

the eigenvalues of F , G, and H are ≥ 0 and using the

following lemma we have proven equation (21) under certain

assumptions and concluded the proof to Theorem 1.

Lemma 2. If G, H ≥ 0 and F > 0 and the following
assumptions on C, A, Ω, and σ2 hold

• elements of C and A are ≥ 0
• Ω is a matrix of the form constant (ω) times identity

where the constant is 1 ≤ ω ≤ 1+
√

1+ 4
t

2
t = max{x′x| x is column of σ−1Φ′}

• σ2 is a matrix of the form constant (s) times identity
where the constant is s ≥ ω

ω−1λmax(Φ
′Φ)

then,

tr((F +G)−1)− tr((F +G+H)−1)

≤ tr((F )−1)− tr((F +H)−1)

Proof: See Appendix for the Proof

Lemma 2 proves equation (26) and therefore equation (21).

By proving equation (21) we have shown supermodularity

of the MMSE (ek) at time k, as a function of the sampled

measurements, Yk.
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C. Greedy Algorithm

Now, that we have shown the mean square estimation error

at time tk is supermodular, we prove that a greedy algorithm

will approximately solve the optimization problem up to an

approximation factor. We first showcase the power of super-

modularity and submodularity in Theorem 2. Consider, the

optimization problem of minimizing f which is a function

of the set P , which can have at most p elements in it.

minimize
P

f

subject to |P | ≤ p
(27)

Theorem 2. Let P ∗ be the optimal solution to problem
(27). If the objective function f is monotone non-decreasing,
submodular, and satisfies f(∅) = 0, then the set P returned
by a greedy algorithm satisfies

f(P ) ≤ (1− 1/e)f(P ∗)

Alternate Theorem: Note, if function f is submodular,

then −f is supermodular. Also, if f is monotone non-

decreasing, then −f is monotone non-increasing. Subse-

quently, an alternative form of this theorem is if the objective

function f is monotone non-increasing, supermodular, and

satisfies f(∅) = 0, then the set P returned by a greedy

algorithm satisfies

f(P ) ≥ (1− 1/e)f(P ∗)

This theorem comes from Nemhauser & Wolsey (1978) [10].

Note: Since f is monotone non-increasing and f(∅) = 0,

then f is non-positive.

The function f = tr(Hk−1Σ
P
rk−1

), which is a function

of P (since ΣP
rk−1

is a function of P ) and equal

to ek, is supermodular by Theorem 1. It can be

shown that ek = tr(Hk−1Σ
P
rk−1

) is monotone non-

increasing. We need our function to be normalized i.e.

f(∅) = 0. Hence, we redefine our objective function

to be f = tr(Hk−1Σ
P
rk−1

) − tr(Hk−1Σ
∅
rk−1

). Σ∅
rk−1

is the (non-conditional) covariance of rk−1 and equals

Ωrk−1. The function tr(Hk−1Σ
P
rk−1

) − tr(Hk−1Σ
∅
rk−1

)
is also supermodular and monotone non-increasing if

tr(Hk−1Σ
P
rk−1

) is.

Substituting tr(Hk−1Σ
P
rk−1

)−tr(Hk−1Σ
∅
rk−1

) for f in the

inequality of Theorem 2, we are left with the inequality

tr(Hk−1Σ
P
rk−1

) ≥ (1−1/e)tr(Hk−1Σ
P∗
rk−1

)+(1/e)tr(Σ∅
rk−1

)

for the set P returned from greedy Algorithm 1. From

equation (18), tr(Hk−1Σ
∅
rk−1

) = Hk−1Ωrk−1
and therefore

the bound on the MMSE (ek) at time k is

ek ≥ (1− 1/e)ek
∗ + (1/e)tr(Hk−1Ωrk−1

) (28)

The first term on the right hand side of the inequality is

(1−1/e) times e∗k = tr(Hk−1Σ
P∗
rk−1

) which is the “optimal”

MMSE or the MMSE that comes from sampling the sensor

at the optimal measurement times.

Algorithm 1 is a greedy algorithm and by Theorem 2 it

returns a solution that is approximately optimal. Letting f be

Algorithm 1: Approx. Algorithm for Problem (27)

Input: f , p.

Output: set P that gives approximate solution to

problem (27)

P ← ∅, i ← 0
while i ≤ r do

ai ← a′ ∈ argmax
a/∈P

(f(P )− f(P ∪ {a}))
P ← P ∪ {ai}, i ← i+ 1

end

tr(Hk−1Σ
P
rk−1

)− tr(Hk−1Σ
∅
rk−1

) and P be a subset of Yk,

the greedy algorithm gives an approximately optimal solution

to optimization problem (19) with estimation error bound

(28).

D. Supermodularity of Total Mean Square Error

In this section, we extend our previous result to show the

total MMSE is also supermodular. Previously, we showed the

mean square error (ek) at any given time k for k ∈ {0 . . . N−
1} is supermodular, but not that the total MMSE,

∑N−1
k=1 ek

is supermodular. Note, the lower limit of the summation is

1 and not 0 since e0 = 0. Instead of ek, the f in equation

(20) is now

f =

N−1∑
k=1

ek = tr(

N−1∑
k=1

Hk−1Σ
P
rk−1

)

We need to redefine ΣP
rk−1

, since P is a subset of measure-

ment times. However, this subset can include any measure-

ment time within the interval [0, N − 1] including measure-

ments after time k. For example, if P includes measurement

YN−1 what effect does YN−1 have on ek for k < N − 1? In

other words, what exactly is ΣP
rk−1

if one of the elements of

P , namely YN−1 does not affect ΣP
rk−1

and subsequently the

MMSE (ek) at time k since YN−1 is a future measurement

and cannot affect ek. So we must redefine ΣP
rk−1

to include

those elements of P whose time stamp is before k and

discard those elements whose time stamp is after k. Let Pi be

a subset of P that includes only elements of P whose time

stamp is at or before time i. For example, P3 will include

all elements of P that have a time stamp less than the third

time unit and nothing else. Therefore ek as a function of P
becomes tr(Hk−1Σ

Pk
rk−1

). Note, ΣP
rk−1

becomes ΣPk
rk−1

and

not Σ
Pk−1
rk−1 since Σrk−1

is a function of Yk and not only Yk−1.

Also, SPk is the corresponding sensor selection matrix for

the activated sensors in subset Pk.

Therefore, the function f is redefined as

f =

N−1∑
k=1

ek = tr(

N−1∑
k=1

Hk−1Σ
Pk
rk−1

)

with the change of ΣPk
rk−1

. With the new f in equation (20),

the linearity of trace, and some simplifications, the criteria

of supermodularity of total mean square error becomes
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tr(

N−1∑
k=1

Hk−1(Σ
Pk+yj+yl
rk−1

− ΣPk+yj
rk−1

))

≥ tr(
N−1∑
k=1

Hk−1(Σ
Pk+yl
rk−1

− ΣPk
rk−1

))

(29)

There are two cases when proving (29). In the first case:

l ≥ j. In the second case: l ≤ j
case 1 : For l ≥ j, the lower limit of the summations in

the inequality (29) changes from 1 to l and the inequality

becomes

tr(

N−1∑
k=l

Hk−1(Σ
Pk+yj+yl
rk−1

− ΣPk+yj
rk−1

))

≥ tr(
N−1∑
k=l

Hk−1(Σ
Pk+yl
rk−1

− ΣPk
rk−1

))

This is because Σ
Pk+yj+yl
rk−1 = Σ

Pk+yj
rk−1 and ΣPk+yl

rk−1
=

ΣPk
rk−1

for 1 ≤ k ≤ l − 1 since Σ
Pk+yj+yl
rk−1 and ΣPk+yl

rk−1
can’t

depend on future measurements (from time tl and onward).

We leverage similar ideas from the proof for supermodularity

of MMSE at fixed time tk. Define the following matrices

C̃k , B̃, Ã as before

C̃k = σ−2(Φ′((SPk)′(SPk))Φ + σ2Ω−1),

B̃ = σ−2(Φ′(IejI
′
ej )Φ)

Ã = σ−2(Φ′(IelI
′
el
)Φ)

Rewrite the matrices, Σ
P+yj+yl
rk−1 , Σ

P+yj
rk−1 , ΣP+yl

rk−1
, ΣP

rk−1
in

terms of C̃k, B̃, and Ã

ΣP+yj+yl
rk−1

= (C̃k + B̃ + Ã)−1

ΣP+yj
rk−1

= (C̃k + B̃)−1

ΣP+yl
rk−1

= (C̃k + Ã)−1

ΣP
rk−1

= (C̃k)
−1

Then inequality (29) becomes

tr(
N−1∑
k=l

Hk−1(C̃k + B̃ + Ã)−1)− tr(

N−1∑
k=l

Hk−1(C̃k + B̃)−1)

≥ tr(
N−1∑
k=l

Hk−1(C̃k + Ã)−1)− tr(

N−1∑
k=l

Hk−1(C̃k)
−1)

which is true by summing Lemma 2 over k = 1 : N − 1
and the fact that the summation comes out of the trace by

linearity.

case 2: For l ≤ j, the lower limit of the summations

in inequality (29) changes from 1 to j and the inequality

becomes

tr(

N−1∑
k=j

Hk−1(Σ
Pk+yj+yl
rk−1

− ΣPk+yj
rk−1

))

≥ tr(
N−1∑
k=j

Hk−1(Σ
Pk+yl
rk−1

− ΣPk
rk−1

))

Fig. 1. The plot is of the MMSE values of the different permutations
of choosing 10 samples out of an interval of 20 time units. All 184, 756
permutations are represented in this histogram by their total MMSE value
over the entire time interval. The dotted line represents the permutation that
is given by our greedy algorithm. The MMSE of the greedy solution is
357.749. The minimum MMSE is 357.630. The MMSE of the greedy
solution outperforms almost all permutations and is near the optimal
solution.

This is because Σ
Pk+yj+yl
rk−1 = Σ

Pk+yj
rk−1 = ΣPk

rk−1
and

ΣPk+yl
rk−1

= ΣPk
rk−1

for 1 ≤ k ≤ l − 1. Also, Σ
Pk+yj+yl
rk−1 =

ΣPk+yl
rk−1

and Σ
Pk+yj
rk−1 = ΣPk

rk−1
for l ≤ k ≤ j − 1. Therefore,

Σ
Pk+yj+yl
rk−1 −Σ

Pk+yj
rk−1 = ΣPk+yl

rk−1
−ΣPk

rk−1
for 1 ≤ k ≤ j − 1.

Now, using Lemma 2 and linearity of trace as above, we

show the inequality for case 2 is true.

Therefore, in both cases, we have shown the function

f =
∑N−1

k=1 ek = tr(
∑N−1

k=1 Hk−1Σ
Pk
rk−1

) is supermodular

as a function of sampled measurements, P and therefore, a

greedy algorithm such as Algorithm 1 with f =
∑N−1

k=1 ek
will solve to an approximation factor the following problem

minimize
P

N−1∑
k=1

ek

subject to |P | ≤ p

(30)

IV. SIMULATION

We consider an example to show the reliability of our

greedy algorithm. In this example A=

[
0.5 1.7
0 0.6

]
and

C =
[
.1 .2

]
. Also, the covariance matrix of the system

noise W =

[
1.5 0
0 1.5

]
and the coavriance matrix of the

measurement noise V = 5.1. Additionally, the initial co-

variance matrix of the states Σ0 =

[
1.5 0
0 1.5

]
. We are

interested in sampling 10 times out of a time interval of

20 time units. There are 184, 756 different permutations

of sampling 10 times out of 20 possible locations. Using

exhaustive search, we find that the minimum MMSE with the

sampling constraint is 357.6304. Our greedy algorithm gives

an MMSE value of 357.491 (.025th percentile). Figure 1 is

a histogram that groups the 184, 756 different permutations
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by their MMSE value. One can clearly see that the set of

samples outputted by the greedy algorithm (as represented

by the dotted line in the figure) outperforms almost all

the other 184, 755 permutations of sampling. In fact, the

greedy algorithm’s MMSE is almost as good as the minimum

MMSE.

V. CONCLUSIONS

In this paper, we considered discrete, LTI system and

measurement models. Our goal was to find a solution to the

non-uniform sampling problem whereby an optimal subset

of measurements is sampled in time to minimize the mean

square estimation error at both fixed time k and the total

MMSE. In other words, we can choose only p times at

which to activate the sensor. This problem is NP-hard and

therefore it is believed no known polynomial algorithm exists

to solve this problem. However, we have proved that a

greedy algorithm leads to a solution whose value is within an

approximation factor of an optimal value. The main part of

this proof is showing that the estimation error (MMSE) as a

function of samples of measurements is supermodular under

certain assumptions. We showed the MMSE at a fixed time

k and the total estimation error over the entire interval are

both supermodular under these assumptions. The problem

of minimizing a monotone, supermodular function of a set,

with cardinality constraints on the set, has a greedy algorithm

solution that lends a near-optimal solution. We simulate an

example that meets our necessary assumptions to show the

effectiveness of our greedy algorithm. In our future we will

work on solving an online version of this problem. Our

approach is an offline policy that is not informed by the

online measurements of the sensors but calculates offline

what the expected measurements should be. It is the expected

measurements based on the measurement update equation

that we use to pick our greedy solution and not the actual

online measurements. Additionally, we will work to relax

some of the required assumptions for the supermodularity

proof.

APPENDIX

PROOF OF LEMMMA 1

From equation (8) we have Σ = Ω −
ΩΦ′(ΦΩΦ′ + σ2)

−1
ΦΩ. Apply the Woodbury Matrix

Identity [19] to (ΦΩΦ′ + σ2I)−1. The Woodbury Matrix

Identity is

(A+B)−1 = A−1 −A−1B(B +BA−1B)−1BA−1

Applying the Woodbury Matrix Identity to (ΦΩΦ′+σ2I)−1

where A = ΦΩΦ′ and B = σ2I

(ΦΩΦ′ + σ2I)−1 = Φ−1′Ω−1Φ−1 − Φ−1′Ω−1Φ−1σ2

(σ2I + σ4Φ−1′Σ−1Φ−1)−1σ2Φ−1′Ω−1Φ−1

Therefore the conditional covariance, Σ is

Σ = Ω− ΩΦ′(Φ−1′Ω−1Φ−1 − Φ−1′Ω−1Φ−1σ2

(σ2I + σ4Φ−1′Ω−1Φ−1)−1σ2Φ−1′Ω−1Φ−1)ΦΩ

Distributing ΩΦ′ and ΦΩ into the outer parentheses, we get

Σ = Ω− (Ω− Φ−1σ2(σ2I + σ4Φ−1′Ω−1Φ−1)−1σ2Φ−1′

= Φ−1σ2(σ2I + σ4Φ−1′Ω−1Φ−1)−1σ2Φ−1′

= Φ−1(I + σ2Φ−1′Ω−1Φ−1)−1σ2Φ−1′

Distributing Φ−1, Φ−1′ inside the parenthesis, we get

Σ = σ2(Φ′Φ+ σ2Ω−1)−1

PROOF OF LEMMMA 2

We want to show if certain restrictions on C, A, Ω, and

σ2 hold then

tr((F +G)−1)− tr((F +G+H)−1)

≤ tr((F )−1)− tr((F +H)−1)

Proof:
Writing Φ′Φ as

∑k
i=1 M

′
iMi where M1 is the first m rows

of Φ redefine F , G, H

F = σ−2((SΦ)′(SΦ) + σ2Ω−1)

G = σ−2M ′
jMj =

∑m
i=1 xix

′
i {σ−2M ′

j = [x1, . . . xm]}
H = σ−2M ′

lMl =
∑m

i=1 yiy
′
i {σ−2M ′

l = [y1, . . . ym]}

By induction, the inequality is true if

tr((F + xx′)−1)− tr((F + xx′ +H)−1)

≤ tr((F )−1)− tr((F +H)−1)

By Sherman-Morrison formula

(F + xx′)−1 = F−1 − 1

1+ < F−1x, x >
F−1xx′F−1

(F +H + xx′)−1 = (F +H)−1

− 1
1+<(F+H)−1x,x> (F +H)−1xx′(F +H)−1

After substituting the Sherman-Morrison formula into the

inequality , the inequality becomes

x′(F +H)−2x

1 + x′(F +H)−1x
≤ x′F−2x

1 + x′F−1x

Let f : F �→ x′F−2x
1+x′F−1x Again by induction, the inequality

becomes

x′(F + yy′)−2x

1 + x′(F + yy′)−1x
≤ x′F−2x

1 + x′F−1x

Using Sherman-Morrison again and rearranging terms, the

inequality becomes

(1+x′F−1x)(x′F−1y)2(y′F−2y)
1+y′F−1y

≤ 2(x′F−2y)(x′F−1y)(1 + x′F−1x)

−(x′F−1y)2(x′F−2x)

Again rearranging we get

x′F−1y{(1 + x′F−1x)(y′F−2y) +

(1 + y′F−1y)(x′F−2x)}
≤ 2x′F−2y(1 + x′F−1x)(1 + y′F−1y)
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This is true if

x′F−1y(y′F−2y) ≤ x′F−2y(1 + y′F−1y)

x′F−1y(x′F−2x) ≤ x′F−2y(1 + x′F−1x)

The two inequalities are equivalent by exchanging x and y
We are left showing,

x′F−1y(x′F−2x) ≤ x′F−2y(1 + x′F−1x)

∀x,y columns in Φ′

F−1 is diagonalizable to P ′AP and its eigenvalues are

amax = a1 ≥ a2 ≥ · · · ≥ amin. The above inequality is

true if for all x,y columns in Φ′ three conditions hold:

x′F−1y ≤ x′F−2y

(x′F−2x) ≤ (1 + x′F−1x)

x′y ≥ 0

The inequality x′F−1y ≤ x′F−2y is true for all x, y if

amin ≥ 1
The inequality (x′F−2x) ≤ (1 + x′F−1x) for all x, y is

equivalent to

z′A2z ≤ z′(A+ 1
z′z )z ∀z = Px

The above inequality is true if

a2max − amax ≤ 1

z′z
∀z

or subsequently if,

a2max − amax ≤ 1
max{x′x| x is column of σ−1Φ′} = 1

t

amax ≤ 1+
√

1+ 4
t

2

In other words,

1 ≤ amin ≤ · · · ≤ amax ≤
1 +

√
1 + 4

t

2

The eigenvalues of F are λmax(F ) ≥ · · · ≥ λmin(F ) The

range on the eigenvalues of F is therefore

2

1 +
√

1 + 4
t

≤ λmin(F ) ≤ · · · ≤ λmax(F ) ≤ 1

Note:

λk(F ) ≤ σ−2λk(Φ
′Φ+ σ2Ω−1I)

Assume Ω−1 is a diagonal matrix of the form 1
ΩI (Note:

abuse of notation) then we have

λk(F ) ≤ σ−2λk(Φ
′Φ) +

1

Ω

If we assume 1
Ω ≥ 2

1+
√

1+ 4
t

or Ω ≤ 1+
√

1+ 4
t

2 then the

eigenvalue constraint becomes

λmax(Φ
′Φ) ≤ σ2(1− 1

Ω
)

if Ω ≥ 1 The last condition that x′y ≥ 0 ∀ x,y columns

of Φ′ is true if all the elements of matrices C and A are

positive. In summary, our problem is supermodular if

• elements of C and A are ≥ 0

• 1 ≤ Ω ≤ 1+
√

1+ 4
t

2
t = max{x′x| x is column of σ−1Φ′}

• σ2 ≥ Ω
Ω−1λmax(Φ

′Φ)

ACKNOWLEDGMENT

Research supported by ONR grant N00014-17-1-2622.

The first author would like to acknowledge the insights pro-

vided by Sam Potter of the UMD CS department, Radu Balan

of the UMD math department and the diligent reviewers.

REFERENCES

[1] Jawaid, Syed Talha, and Stephen L. Smith. “Submodularity and
greedy algorithms in sensor scheduling for linear dynamical systems.”
Automatica 61 (2015): 282-288.

[2] Tzoumas, V., Jadbabaie, A., Pappas, G. J. (2016, December). Near-
optimal sensor scheduling for batch state estimation: Complexity,
algorithms, and limits. In 2016 IEEE 55th Conference on Decision
and Control (CDC) (pp. 2695-2702). IEEE.

[3] Tzoumas, V., Atanasov, N. A., Jadbabaie, A., Pappas, G. J. (2017,
May). Scheduling nonlinear sensors for stochastic process estimation.
In 2017 American Control Conference (ACC) (pp. 580-585). IEEE.

[4] Singh, P., Chen, M., Carlone, L., Karaman, S., Frazzoli, E., Hsu,
D. (2017, May). Supermodular mean squared error minimization for
sensor scheduling in optimal Kalman filtering. In 2017 American
Control Conference (ACC) (pp. 5787-5794). IEEE.

[5] Soleymani, Touraj, Sandra Hirche, and John S. Baras. “Optimal
information control in cyber-physical systems.” IFAC-PapersOnLine
49.22 (2016): 1-6.

[6] Soleymani, T., Hirche, S., Baras, J. S. (2016, December). Optimal
stationary self-triggered sampling for estimation. In 2016 IEEE 55th
Conference on Decision and Control (CDC) (pp. 3084-3089). IEEE.

[7] Bertsekas, Dimitri P., et al. Dynamic programming and optimal
control. Vol. 1. No. 3. Belmont, MA: Athena scientific, 2005.

[8] Krause, Andreas, and Daniel Golovin. “Submodular function maxi-
mization.” (2014): 71-104.

[9] Jaleel, Hassan, and Jeff Shamma. “Distributed submodular minimiza-
tion and motion coordination over discrete state space.” arXiv preprint
arXiv:1709.07379 (2017).

[10] Nemhauser, George L., Laurence A. Wolsey, and Marshall L. Fisher.
An analysis of approximations for maximizing submodular set func-
tions—I. Mathematical programming 14.1 (1978): 265-294.

[11] Kailath, Thomas, Ali H. Sayed, and Babak Hassibi. Linear estimation.
No. EPFL-BOOK-233814. Prentice Hall, 2000.

[12] Golub, Gene H., and Charles F. Van Loan. Matrix computations. Vol.
3. JHU Press, 2012.

[13] Clark, Andrew, et al. Submodularity in dynamics and control of
networked systems. Springer International Publishing, 2016.

[14] Summers, Tyler H., Fabrizio L. Cortesi, and John Lygeros. “On
Submodularity and Controllability in Complex Dynamical Networks.”
IEEE Trans. Control of Network Systems 3.1 (2016): 91-101.

[15] Olshevsky, Alex. “Minimal Controllability Problems.” IEEE Trans.
Control of Network Systems 1.3 (2014): 249-258.

[16] Baras, John S., and Alain Bensoussan. “Optimal sensor scheduling in
nonlinear filtering of diffusion processes.” SIAM Journal on Control
and Optimization 27.4 (1989): 786-813.

[17] Astrom, K. J., Bernhardsson, B. M. (2002, December). Comparison
of Riemann and Lebesgue sampling for first order stochastic systems.
In Proceedings of the 41st IEEE Conference on Decision and Control,
2002. (Vol. 2, pp. 2011-2016). IEEE.

[18] Rolnick, David, and Jonathan Weed. “Greedy Maximization of Sub-
modular Functions.” (2014).

[19] Strang, Gilbert. Introduction to Linear Algebra, 3rd. Ed., Wellesley-
Cambridge Press, Wellesley, MA (2003).

6411


