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Abstract

We study the problem of scheduling outpatients for appointments required by the cardiology department in a hospital. These are
outpatients going through interventions or surgery, which require a number of tests or treatments to be completed before the patient
is allowed to go through the final procedure. The outpatients visit the hospital on multiple occasions and may wait at the hospital in
between appointments in order to go through all of the required steps. We propose an Integer Programming (IP) formulation that
will schedule each patient with the objective of minimizing the number of visits to the hospital and the idle time that the patient
spends in the hospital waiting for appointments. At the same time, the IP will ensure that no more than the available resources
will be used, that the availability of the outpatients will be taken into consideration, and that the necessary recovery time will be
provided to the patients. Improvements to the initial formulation are proposed in order to obtain an optimal solution faster.
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1. Introduction
More than one in ten adults in the U.S. is diagnosed with heart disease [1]. It is crucial for the survival of the patient
that he receives the necessary treatment on time. The treatment can be delayed either by the patient not going to the
physician when necessary or by the physician not being able to immediately see the patient due to lack of resources.
We consider ways of making the visits to the hospital as convenient as possible for patients, while ensuring that their
treatment will be completed on time. We focus on outpatients that have been referred to an interventional procedure
or elective surgery in the cardiology department of a large hospital. Examples include the Transcatheter Aortic Valve
Replacement (TAVR), the Transcatheter Mitral Valve Repair (TMVR), the Watchman, and others. What they all have
in common is that they require some steps to be completed before the patient can go through the final procedure. Each
step requires a number of physical and personnel resources to be available. The steps required depend on the type of
interventional procedure or elective surgery and the health of the patient. For example, the steps of a TAVR patient
are included in Figure 1, where they appear in black rectangles. Not all steps included in the diagram are mandatory
for each TAVR patient, as indicated by the asterisks. For example, a TTE (transesophageal echocardiogram) is only
required if the TAVR patient hasn’t gotten one in the past 6 months. The dashed rectangles include steps that can take
place in any order, while the arrows show precedence between steps or groups of steps. For example, a patient will go
through the carotid ultrasound after the consultation and the CT scan, but before the cath (cardiac catheterization). A
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* Not all patients are required to go through this step.

TAVRCath*TTE*ENTRY EXIT
Consultation

CT Scan

Carotid
Ultrasound*

PFT*

30 DAYS

Figure 1: Procedure diagram for TAVR patients.

PFT (pulmonary function test) could happen before or after the carotid ultrasound. A TAVR patient has to complete
all the required steps and the final procedure within 30 days from the time he was referred to the hospital.

We are scheduling appointments for outpatients, i.e., patients who are not admitted to the hospital. The patients in this
paper only get admitted after completing the final procedure, so a patient has to travel to the hospital every day he has
an appointment. Since only few hospitals perform those types of interventional procedures, their patients may have
to travel long distances. Also, the condition of the patients may require that someone else drive them to the hospital
which can further complicate the scheduling procedure. Thus, it is crucial to come up with appointments that are
convenient for the patients. Currently, the schedules are generated manually by the scheduling staff in the hospital.
However, we propose an Integer Program (IP) that could be used to obtain better results.

The rest of the paper is organized as follows. Section 2 presents the related work and contributions of this paper.
Section 3 discusses the assumptions and the parameters of the problem. Section 4 includes the IP formulation. Section
5 suggests improvements to the formulation, and Section 6 presents the results. Section 7 concludes the paper.

2. Related Work
This section discusses the related work in this area of research and the contributions of this paper.

Thorough reviews of the existing literature on outpatient scheduling can be found in [2, 3]. However, most papers study
scheduling single appointments. A review of papers on multi-appointment scheduling for both inpatients and outpa-
tients can be found in [4]. To the best of our knowledge, there are no papers studying multi-appointment scheduling
for cardiology outpatients. However, studies have investigated scheduling outpatients going through procedures con-
sisting of multiple steps. Such examples include scheduling patients to go through radiotherapy pre-screening, where
patients have a completion date target [5], or scheduling patients in nuclear medicine, where each step has a specific
time constraint to satisfy [6]. The problem of multi-appointment scheduling in cardiology is relevant to scheduling
rehabilitation outpatients. They have similar objectives since they try to have patients visit the clinics as few times as
possible and in both problems the patients get treated by various specialties. The authors in [7] use multiple criteria
in the objective in order to schedule rehabilitation patients, where each criterion has a predetermined weight. Those
criteria include the number of visits to the clinic, the time is takes to start the treatment, and the appointment distribu-
tion. In [8], the number of visits to the rehabilitation clinic is set to one per year, and based on that it is decided when
the patients will visit the clinic and which of the required procedures they are going to go through.

Our work contributes to the existing literature in the following manner. First, since this is the first paper on multi-
appointment outpatient scheduling in cardiology, we provide information on the various parameters and constraints
that need to be taken into consideration. We develop an IP formulation to schedule the outpatients, which can help the
staff make scheduling decisions currently done manually. Second, we provide improvements to the initial formulation
to help get an optimal solution faster, which could be applied to other scheduling problems using this approach.

3. Problem Description
This section discusses the assumptions made in this paper and defines the various parameters of the problem.

First, we assume that the duration of each step is deterministic. In reality the duration cannot be predicted with
certainty, and can be affected by a number of factors and delays. Second, we assume that the steps that the patient has
to go through are known as soon as the patient is referred to the hospital. However, some tests can be added later as the
doctors find out more about the patient’s health. Third, we assume that it is possible to find out about the availability
of resources, and have enough time to solve the optimization problem and book the appointments. In other words, the
resource availability will not change in the few minutes it will take to decide how to schedule the appointments.
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The scheduling horizon is divided into slots of fixed length. Let H be the set of time slots in the planning horizon. Let
D denote the set of days in the planning horizon, and set H d denote the time slots h ∈H included in a day d ∈D . Let
I denote the set of patients that we want to schedule for appointments. Currently, the hospital schedules one patient at
a time. However, our formulation allows taking multiple patients into consideration when scheduling, given that none
of these patients has been scheduled yet. Let t denote the time in which the appointments are scheduled. A patient
i ∈ I got referred to the hospital at time ai, and has L i time units to complete all of the required procedures.

There are two types of positions that a patient could be in. A patient is in a procedure position if he is going through
a diagnostic test or treatment, and in a waiting position if he is not. The patient is only considered to be in a waiting
position at the hospital if he has already had an appointment on that day and has another one later on the same day,
otherwise he is not. The patient is not using any hospital resources while waiting. Let P̃ denote the set of all procedure
positions, and Q̃ be the set of waiting positions. After every procedure position there exists a waiting position. An
additional waiting position denoted by b, is the position that the patient has when he is referred to the hospital but
before he goes through any procedure. The last position that the patient has is denoted by l. At this position, the
patient has completed all the required steps and has exited the system.

TAVRENTRY EXIT

Consultation
Wait after

Consultation

CT Scan
Wait after
CT Scan

Path1

Path2

ENTRY TAVR EXIT

CT Scan 2 Consultation 2
Wait after

Consultation 2
Wait after
CT Scan 2

Consultation 1 CT Scan 1
Wait after

Consultation 1
Wait after
CT Scan 1

(a) Elements in sets 𝒫𝒾 and 𝒬𝒾� �

(b) Elements in sets 𝒫𝒾, 𝒬𝒾,and 𝒮𝒾

Figure 2: Example of paths followed by a TAVR patient i.

Let P̃ i ⊆ P̃ and Q̃ i ⊆ Q̃ denote the sets of procedure positions and waiting positions, respectively, that a patient i has to
visit. Figure 2(a) includes an example of steps that a TAVR patient i has to complete. The steps in the black rectangles
belong to set P̃ i, while the steps in the white ovals belong to Q̃ i. Based on the precedence constraints, we can generate
all possible paths. The patient will follow one of the two paths shown in Figure 2(b). Note that a patient getting a
CT scan in the first path is in a different state than a patient getting a CT scan in the second path. Thus, we generate
multiple copies of each position based on the different paths available. Let P i denote the set of all procedure positions
across all paths that patient i could go through, let Q i be the set of all waiting positions, and let S i be the union of the
two, i.e., S i = P i∪Q i. In the example presented in Figure 2, we have set P̃ i including: CT scan, Consultation, TAVR.
Set P i includes: CT scan 1, CT scan 2, Consultation 1, Consultation 2, TAVR. Let g : (S i)→ (P̃ i∪ Q̃ i), be a function
that returns the step that corresponds to a position on a specific path. Let F i,s and G i,s denote the set of positions right
before and right after a position s ∈ S i. Let Ai

d be a binary parameter showing whether a patient i is able to come to
the hospital on day d ∈ D . Let R be the set of all personnel and physical resources that could be required for the
procedures we are studying to take place. Let Pp̃,r denote the number of each resource r ∈ R required for a step of
type p̃ ∈ P̃ to take place. Let Rr

h denote the number of resources r ∈ R that are free at time h ∈H . Let d p̃ denote the
duration of procedure p̃ ∈ P̃ , and ωq̃ denote the recovery time required after a procedure p̃ ∈ P̃ which the patient will
spend in the subsequent waiting positions q̃ ∈ Q̃ .

4. The Integer Program
This section presents the decision variables, the objective, and the constraints of the IP.

The decision variables of the IP follow below. Decision variable wi,s
h was used in [9], and it implies that once a patient

has reached a position, it will be reached in all future times by the patient. It is adopted in this paper because it allows
to connect positions and time, while allowing for the required flexibility resulting from the availability of the resources.

• wi,s
h equals to 1 if patient i ∈ I arrives at position s ∈ S i by time h ∈H , and 0 otherwise.
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• yi,s
h equals to 1 if patient i ∈ I is at position s ∈ S i at time h ∈H , and 0 otherwise.

• xi
d equals to 1 if patient i ∈ I visited the hospital on day d ∈D , and 0 otherwise.

• xi,p
d equals to 1 if patient i ∈ I went through procedure p ∈ P i on day d ∈D , and 0 otherwise.

• ui
d equals the time that patient i ∈ I arrived at the hospital on day d ∈D .

• vi
d equals the time that patient i ∈ I left the hospital on day d ∈D .

The objective and the constraints follow below.

min λ ∑
d∈D

∑
i∈I

xi
d +(1−λ) ∑

d∈D
∑
i∈I

∑
p∈P i

[(vi
d−ui

d)− (dg(p)−1)xi,p
d ] (1)

subject to

wi,s
h = 0,∀h ∈H : h≤ ai−1, i ∈ I ,s ∈ S i (2)

wi,s
h = 1,∀h ∈H : h≥ ai, i ∈ I ,s = b (3)

wi,s
h = 0,∀h ∈H : h≤ t, i ∈ I ,s 6= b (4)

wi,s
h = 1,∀h ∈H : h≥ ai +Li, i ∈ I ,s = l (5)

wi,s
h−1 ≤ wi,s

h ,∀{h,h−1} ∈H , i ∈ I ,s ∈ S i (6)

wi,p
h ≤ ∑

q∈F i,p:{h−ωg(q)}∈H
wh−ωg(q) ,∀h ∈H , i ∈ I , p ∈ P i (7)

wi,q
h = ∑

p∈F i,q:{h−dg(p)}∈H
wi,p

h−dg(p) ,∀h ∈H , i ∈ I ,q ∈ Q i\{b} (8)

wi,s
h − ∑

s′∈G i,s

wi,s′
h ≤ yi,s

h ,∀h ∈H , i ∈ I ,s ∈ S i (9)

∑
s∈S i

yi,s
h ≤ 1,∀h ∈H , i ∈ I (10)

∑
i∈I

∑
p∈P i

yi,p
h Pg(p),r ≤ Rr

h,∀h ∈H ,r ∈ R (11)

xi
d ≤ Ai

d ,∀d ∈D, i ∈ I (12)

yi,p
h ≤ xi

d ,∀d ∈D,h ∈H d , i ∈ I , p ∈ P i (13)

xi
d ≤ ∑

h∈H d
∑

p∈P i

yi,p
h ,∀d ∈D, i ∈ I (14)

yi,p
h ≤ xi,p

d ,∀d ∈D,h ∈H d , i ∈ I , p ∈ P i (15)

xi,p
d ≤ ∑

h∈H d

yi,p
h ,∀d ∈D, i ∈ I , p ∈ P i (16)

ui
d ≤ (h−|H d | ∗ (d−1))yi,p

h +M(1− yi,p
h )−M(1− xi

d),∀d ∈D,h ∈H d , i ∈ I , p ∈ P i (17)

vi
d ≥ (h−|H d | ∗ (d−1))yi,p

h ,∀d ∈D,h ∈H d , i ∈ I , p ∈ P i (18)

wi,s
h ,yi,s

h ,xi
d ,x

i,p
d ∈ {0,1},∀d ∈D,h ∈H , i ∈ I , p ∈ P i,∈ S i (19)

ui
d ,v

i
d ∈ Z+,∀d ∈D, i ∈ I (20)

The objective function (1) is a convex combination of the number of visits that the patients will make to the hospital
and the time that they spend at the hospital being idle. We consider a trade-off of the two components in the objective
function, because only minimizing the number of visits to the hospital could lead to a schedule with long idle times. On
the other hand, only minimizing the time spent in the hospital waiting for an appointment, would most probably lead to
schedules with many hospital visits. Constraint (2) ensures that a patient cannot go through any position before being
referred. Constraints (3) and (5) enforce the arrival time and the latest possible exit time for the patient, respectively.
Constraint (4) makes sure that a patient cannot go through a position before getting scheduled. Constraints (6) and
(7) were used in [9], to ensure connectivity between positions and time. Constraint (7) enforces a recovery time and
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constraint (8) ensures that a patient will spend time in a procedure equal to its duration. Constraints (9) and (10) make
sure that a patient is in no more than one position at a time. Constraint (11) ensures that no more than the available
resources are used. Constraint (12) makes sure that an appointment is never scheduled on days that the patient is not
available. Constraints (13) and (14) set the correct values to the decision variables xi

d , and (15) and (16) do the same
for decision variables xi,p

d . Constraints (17) and (18) set the arrival and departure times of each patient to and from the
hospital on each day, through the use of a large M. Finally, (19) and (20) define the binary and the nonnegative integer
decision variables.

5. Formulation Improvements
This section includes formulation improvements in order to decrease the time it takes to find an optimal solution.

Parameter M, used in Constraint (17), has to be large enough for the constraint to work. However, the IP solves faster
when M takes small values. For both conditions to hold, M could equal |H d |. However, through preprocessing we can
decrease the value of M further. The availability of the resources and the procedures that a patient is required to go
through is known before we solve the IP. Thus, we can estimate for each patient the earliest and the latest he can be at
the hospital on each day and generate set E i

d = {0,1, ...,E}, where e = 1 corresponds to the earliest and e = E to the
latest time that a patient could at the hospital on a given day. Times between the earliest and latest time take a value in
(1,E), based on their order. For all other times we get e = 0. Function f : (H )→ (E i

d) links all time units in a specific
day to an element in E i

d . We redefine M to become Mi
d , which is unique for each day and patient and set it equal to

|E i
d |− 1. Constraints (17) and (18) are replaced by constraints (21) and (22). The formulation was further improved

through valid inequalities (23) through (25). Let K i,c denote the set including all positions that could be reached by
patient i after exactly c steps, where set C includes the number of steps required to reach any position in the system.
Valid inequality (23) states that at most one position will be reached among those of a distance of c steps, which is
similar to the antichain inequality used in [9]. Valid inequality (24) states that the total time spent on procedures of the
same type will equal the duration of this procedure. Valid inequality (25) states that the time that a patient will spend
in the hospital on a given day will be at least equal to the duration of the procedures that he will go through.

ui
d ≤ f (h)yi,p

h +Mi
d(1− yi,p

h )−Mi
d(1− xi

d),∀d ∈D,h ∈H d , i ∈ I , p ∈ P i (21)

vi
d ≥ f (h)yi,p

h ,∀d ∈D,h ∈H d , i ∈ I , p ∈ P i (22)

∑
s∈K i,c

wi,s
h ≤ 1,∀h ∈H , i ∈ I ,c ∈ C (23)

∑
h∈H

∑
p∈P i:g(p)=p̃

yi,p
h = d p̃,∀i ∈ I , p̃ ∈ P̃ i (24)

(vi
d−ui

d)≥ ∑
p∈P i

(dg(p)−1)xi,p
d ,∀d ∈D, i ∈ I (25)

6. Computational Results
This section presents the results of the experiments showing the effect of the formulation improvements.

We run the experiments on a computer with an 2.9 GHz Intel Core i5 processor and 8 GB 1867 MHz memory. The
models were coded in Java using the Gurobi 7.5 solver. Table 1 presents the time it took for the optimal integer solution
to be found as each improvement was introduced to the formulation, in an example where six patients were scheduled
simultaneously, which is a realistic problem size. An average number of 60 patients are scheduled every month, so six
patients could possibly arrive in two days and get scheduled together. In total, 20 different types of procedures and 23
different types of resources are taken into account. The IP consisted of 693,817 constraints and 386,376 variables.

Figure 3 presents an example of scheduling seven patients arriving over a period of three days. Each proposed im-
provement was added separately to the initial formulation. The final formulation includes all proposed improvements.
The problem solves significantly faster when the objective only takes into account the number of visits to the hospital,
i.e., λ = 1, for all formulations. We can also see that the initial formulation gives longer running times compared to all
improved formulations. For different values of λ some formulation improvements provide better results than others.
Also, for low values of λ, the formulation that includes only valid inequality (25) does about the same or better than the
final formulation. Nevertheless, if we take into account the entire range of λ, it is justified to use the final formulation.
For λ = 0 and λ = 1, the problem solves significantly faster in the final formulation.
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Table 1: Example of running times for each formulation

Model Description Running Time

1 Initial Formulation 799 sec
2 Model 1 after replacing (17) & (18) with (21) & (22) 449 sec
3 Model 2 after adding valid inequality (23) 323 sec
4 Model 3 after adding valid inequality (24) 97 sec
5 Model 4 after adding valid inequality (25) 52 sec
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Figure 3: Running time change for various formulations and different levels of λ.

7. Conclusions and Limitations
In this paper, we studied the problem of scheduling outpatients to go through the required steps in order to complete
an interventional procedure or elective surgery in cardiology. We proposed an IP formulation to schedule one or more
patients in an effort to produce appointments that are convenient to the patient. Our objective was to minimize the
number of visits that the patients have to make to the hospital while at the same time not have the patients wait too
long in between appointments. Based on the initial formulation, we propose a number of improvements and valid
inequalities that, when introduced, help the IP find an optimal solution faster. We observe that when minimizing only
one of the components of the objective the IP solves much faster.

The main limitation of this study is that we did not have access to real data from the hospital. This did not allow us
to run experiments that are representative of the population that arrives to the hospital, or the resource availability and
how it changes over time. This could affect the size of the problem, which could in turn affect the running times.

Future research could investigate under which circumstances it is preferable to schedule patients in groups. This would
allow the decision maker to have more information when scheduling.
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