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Abstract: This paper investigates the attitude synchronization of a group of moving rigid bodies whose states including positions
and rotation matrices evolve in the Lie group SE(3). The commonly used circular neighborhood is adopted, and the neighbor
graphs are described by proximity networks. In order to avoid introducing discussions on the abrupt changes of neighbor graphs,
a dwell time is introduced. The distributed sampled-data control law for the angular velocity is designed. Under the assumptions
on the initial states, we provide sufficient conditions for the attitude synchronization of multiple rigid body system. Compared
with the existing results, our condition depends only on the neighborhood radius, the moving velocity and the dwell time.
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1 Introduction

An important topic in the investigation of multi-agent

systems is how to design the distributed control for each a-

gent such that all agents coordinate to finish a complicated

task or reach certain desired behaviors (cf. [1–4]). In recen-

t studies on coordination control, most results are obtained

in Euclidean space. However, many practical systems such

as underwater vehicles, satellites and UAVs evolve in non-

Euclidean spaces, which requires us to pay more attention on

the systems where the agents evolve in non-Euclidean man-

ifolds.

Compared with the mass model in which the object-

s are considered as a point with mass but without shape or

size, the rigid body model takes the shape and size into ac-

count. Thus, the motion of rigid bodies includes both the

rotation and the translation. The rotation matrix can globally

and uniquely represent the rotation of rigid bodies, and all

rotation matrices form the Lie group SO(3). Some results

have been given on the attitude synchronization (i.e., the ro-

tation matrices converge to the same sate) of rigid bodies in

SO(3) (cf. [5–10]). For moving rigid bodies where both the

rotation and the translation are taken into consideration, the
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pair of positions and rotation matrices of rigid bodies for-

m SE(3). SE(3) is also a Lie group. Some results have

been given for the pose synchronization (i.e., the position-

s and the rotation matrices, respectively, reach the same s-

tate) of SE(3). For example, in [11], the authors considered

the pose synchronization problem of rigid bodies in SE(3)

where the networks are undirected. In [12, 13], the authors

studied the pose synchronization problem of rigid bodies in

SE(3) based on the passivity-like property of the kinematics

over directed networks. In [14], we addressed the pose syn-

chronization problem with switching bidirectional networks.

So far, almost all results on the attitude or pose synchroniza-

tion of rigid bodies require that the communication graphs

satisfy a certain connectivity condition. Although network

connectivity has been widely studied in the area of wireless

and ad hoc networks[15, 16], these results can not be em-

ployed for the synchronization analysis where the topology

of networks may change with the agents’ states. How to ver-

ify or guarantee such conditions is a challenging issue.

In this paper, we consider the attitude synchronization

of the moving rigid bodies where the circular neighborhood

is adopted. The pair of rigid bodies is called neighbors if and

only if their Euclidean distance is less than a pre-specified

radius. It is clear that the motion of rigid bodies may result

in abrupt changes of neighbor graphs. In order to avoid in-
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troducing discussions on neighbor graphs, a dwell time is

introduced. As a consequence, each rigid body can only

receive the sampled-data information from neighbors. The

sampled-data technique has wide applications in the fields

of communications and wireless networks. It is worth men-

tioning that the potential function approach which is com-

monly used to guarantee the connectivity of neighbor graphs

(cf. [17–19]) are not suitable for the sampled-data case be-

cause the connectivity of the networks might be lost between

sampling instants. In this paper, we consider a simpler case

where the translational velocity keeps a constant. We design

the distributed control law for the angular velocity based on

the nearest neighbor rules. By relying on the rotation vec-

tor representation for rotation matrices and the estimation of

some characteristics on the initial states, we present a suf-

ficient condition for attitude synchronization under restric-

tions on the initial states. Our conditions only depend on the

neighborhood radius and the moving speed and the dwell

time without any assumption on the neighbor graphs.

The rest of this paper is organized as follows. In Sec-

tion 2, we provide the problem statement. In Section 3, we

present the main results of this paper. We make concluding

remarks in Section 4.

2 Problem Statement

2.1 The Rigid Body

The motion of the rigid body includes translation and

rotation. For a given rigid body R, we denote the world

frame and the body-fixed frame as Σw and Σ′, respectively.

For simplicity of expressions, we assume that Σw and Σ′

are right-handed and Cartesian. The position of the rigid

body R’s center in the world frame Σw is denoted as p ∈
R

3. The attitude of R is represented by the rotation of the

frame Σ′ relative to Σw, and is denoted as the rotation matrix

R ∈ R
3×3. It is clear that the rotation matrix satisfies the

equations RRT = I and det(R) = 1 with det(·) being the

determinant of the corresponding matrix. Denote the set of

all rotation matrices as SO(3), i.e., SO(3) = {R ∈ R
3×3 :

RRT = I, det(R) = 1}. SO(3) is a Lie group. The set of

pairs of positions and rotation matrices is denoted as SE(3),

which is the product space of R3 with SO(3), i.e., SE(3) =

{(p,R) : p ∈ R
3, R ∈ SO(3)}. The set SE(3) defines

the configuration of moving rigid bodies, and it is also a Lie

group.

Since the rotation matrix is determined by nine vari-

ables with six constraints, it is generally complicated to in-

vestigate the attitude problem of rigid bodies using rotation

matrices even though it can globally and uniquely represent

the attitude of the rigid body. In order to solve this issue, the

parameterized representations of rotation matrices are com-

monly adopted. In this paper, we study the attitude coordi-

nation of multiple rigid bodies by using the rotation vector

x ∈ R
3 rather than the rotation matrix to represent the at-

titude of rigid bodies. The rotation vector x evolves in a

3-dimensional Euclidean space, and it can be equivalently

written as x = θk, where k ∈ S2 = {k ∈ R
3 : kT k = 1}

is called the rotational axis, and θ denotes the rotation angle

around the axis k. If the angle θ is restricted in the inter-

val [0, π), then the rotation vector can uniquely represent the

rotation matrix. In this paper we assume θ ∈ [0, π). The

rotation vector can be obtained by the logarithm calculation

of the matrix R, i.e.,

x̂ = log(R), (1)

where the notation x̂ denotes the skew symmetric matrix

generated by the vector x = [x1, x2, x3]
′ ∈ R

3, i.e.,

x̂ =

⎡⎢⎢⎣
0 −x3 x2

x3 0 −x1

−x2 x1 0

⎤⎥⎥⎦ . (2)

2.2 System with Multiple Rigid Bodies

This paper considers a multi-agent system composed of

n rigid bodies (or agents) labeled 1, 2, · · · , n, all moving in

a three dimensional Euclidean space. The frame fixed on the

rigid body i (i = 1, 2, · · · , n) is denoted as Σi. The position

of the rigid body i in the world frame at time t (t ≥ 0) is

denoted as pi(t), and the rotation matrix is denoted as Ri(t)

which evolves in the SO(3). The velocity of the rigid body

i is denoted as Vi(t) = (υi(t), ωi(t)), where υi(t) ∈ R
3

and ωi(t) ∈ R
3, respectively, denote the linear and angular

velocities of the rigid body i in the world frame Σw at time

t. The velocity Vi(t) can be equivalently expressed as the

following matrix

Ṽi(t) =

[
ω̂i(t) υi(t)

0 0

]
,

where the notation ·̂ is defined in (2).

Denote an alternative expression for (pi(t), Ri(t)) is

the following 4× 4 matrix

gi(t) =

[
Ri(t) pi(t)

0 1

]
.

The motion of the rigid body i (i = 1, 2 · · · , n) can be rep-

resented by the following kinematic model :

ġi(t) = gi(t)Ṽi(t),
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or, equivalently ⎧⎨⎩ Ṙi = Riω̂i

ṗi = Riυi
. (3)

where the translation velocity vi and the angular velocity ωi

are the control inputs. More details on the motion of the rigid

bodies in SE(3) can be found in [20].

The purpose of this paper is to design the distributed

control law for υi and ωi based on the local information such

that the system reaches the attitude synchronization. Here by

attitude synchronization we mean that for any two agents i

and j, their rotation matrices satisfy the following equation,

Ri(t)−Rj(t) → O3×3, as t → ∞.

2.3 Proximity Networks

The information transfer between agents plays an im-

portant role for the evolution of the system. In this paper, we

adopt the commonly used circular neighborhood. The pair of

two agents i and j are called neighbors if and only if their rel-

ative distance pij is less than a pre-defined radius rn. In gen-

eral, pij = R−1
i (pj −pi). In this paper, we assume that each

rotation axis ki pass through the origin of the body-fixed

frame Σi for simplicity of analysis. For such a case, by [20]

it can be seen that pij = pj−pi. The neighbor relations may

vary with time when the agents move in three dimensional s-

pace. We use a graph sequence Gt = (V,Et) to describe the

time-varying neighbor relations, where V = {1, 2, · · · , n}
is the set of vertices, and Et = {(i, j) : ‖pij‖ < rn} de-

notes the edge set. The graph Gt is undirected. The neigh-

bor graphs formed in such a manner are distance-induced,

and also called geometric graphs or proximity networks. We

use Ni(t) to denote the set of the agent i’s neighbors at time

t, i.e., Ni(t) = {j : (i, j) ∈ Et}. Denote the cardinality of

the set Ni(t), i.e., the degree of the agent i, as di(t). It is

clear that di(t) ≥ 1 since each agent is a neighbor of itself.

The algebraic properties of the graph Gt are used for

our analysis. For the graph Gt, the maximum and mini-

mum degrees are defined as dmax(t) = max1≤i≤n di(t) and

dmin(t) = min1≤i≤n di(t). The degree matrix is defined

as D(t) = diag(d1(t), d2(t), · · · , dn(t)), and the Laplacian

L(t) = [lij(t)] is defined as

lij(t) =

⎧⎪⎪⎨⎪⎪⎩
di(t)− 1, if i = j;

−1, if i �= j and j ∈ Ni(t)

0, otherwise.

.

The normalized Laplacian is defined as L = D−1/2LD−1/2.

It is clear that L is nonnegative definite and 0 is one of

the eigenvalues. We denote the eigenvalues of L accord-

ing to a nondecreasing order as 0 = λ0(t) ≤ λ1(t) ≤
· · · ≤ λn−1(t). The spectral gap of Gt is defined as

λ(t) = max{|1− λ1(t)|, |1− λn−1(t)|}.
2.4 Distributed Control Design

What we concern is the coordination of the attitude of

multiple rigid bodies whose closed-loop dynamics is affect-

ed by the control law of the angular velocity. In order to state

our results clearly, we consider a simpler case where we just

need to design the distributed control law of the angular ve-

locity for each agent, while the linear velocity of the rigid

bodies keep constant.

By the definition of neighbor relations, we see that the

neighbor graphs may change abruptly when the agents move

in three dimensional space. In order to avoid introducing

discussion for the neighbor relations, we introduce the dwell

time by assuming that the neighbor relations are only up-

dated at sampled-data instants denoted as t0(= 0), t1, t2, · · ·
with the dwell time τn, and keep unchanged in the sampled-

data periods. The sampled-data instants satisfy tk+1 − tk =

τn for k = 0, 1, · · · , n. At discrete-time instant tk, each a-

gent can receive the information of rotation matrices of its

neighbors. For the rigid body i, it can receive the following

sampled-data information at time tk

{Rj(tk) : j ∈ Ni(tk), tk ≥ 0}. (4)

It is clear that the data receiving, storage and processing

are generally fulfilled by computers, and the introduction of

the sampled-data information makes it more feasible for the

rigid bodies to use and process the data.

Remark 1 In this paper, we assume that each agent can ob-

tain the absolute information of the attitude of its neighbors,

which can actually realized by either of the two following

manners [21]. 1) For the agent i, its neighbor j ∈ Ni(t) can

directly transmit its measurement Rj(t) to the agent i. 2) We

assume that the agent i can receive the relative information

of the rotation matrix Rji from its neighbor j ∈ Ni. The

agent i can calculate the rotation matrix Rj of its neighbor

j by using the relation Rj = RiR
T
ji.

Remark 2 By the uniqueness of the rotation vector repre-

sentation for the rotation matrix when θ ∈ [0, π), we can

assume that the agent i can receive the rotation vector of its

neighbors at time tk, i.e.,

{xj(tk) : j ∈ Ni(tk), tk ≥ 0}. (5)
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The representation of rotation vectors brings convenience

for our theoretical analysis.

For the rigid body i, we adopt the following distributed

control law based on the sampled-data information (5) for

t ∈ [tk, tk+1)(k = 0, 1, · · · ),

ωi(t) =
1

τndi(tk)

∑
j∈Ni(tk)

(xj(tk)− xi(tk)), (6)

and the translational speed vi(t) is taken as a fixed vector

vi(t) = v0 ∈ R
3. Substituting (6) into (3), we have

Ri(t) = Ri(tk) exp

⎧⎨⎩ t− tk
τndi(tk)

∑
j∈Ni(tk)

(x̂j(tk)− x̂i(tk))

⎫⎬⎭ ,

that is

ex̂i(t) = ex̂i(tk) exp

⎧⎨⎩ t− tk
τndi(tk)

∑
j∈Ni(tk)

(x̂j(tk)− x̂i(tk))

⎫⎬⎭ .

(7)

We know that for any two matrices A and B, eAeB =

eA+B when the two matrices are commutative. Therefore,

in order to simplify the above dynamical system, we need

x̂i(tk) and x̂j(tk) to be commutative, and the commutativity

of x̂i(tk) and x̂j(tk) can be realized by imposing the follow-

ing assumption on the initial rotation axis of all agents.

Assumption 1 The rotation axis of all rigid bodies at the

initial time instant are mutually parallel.

Under Assumption 1, xi(0) is parallel to xj(0) for any

i, j, which lead to xi(0)× xj(0) = 0. From simple verifica-

tion, we know x̂i(0) and x̂j(0) are commutative. By (7), we

have x̂i(tk)x̂j(tk) = x̂j(tk)x̂i(tk), ∀k and

x̂i(t) =

(
1− t− tk

τn

)
x̂i(tk) +

t− tk
τndi(tk)

∑
j∈Ni(tk)

x̂j(tk),

then

xi(t) =

(
1− t− tk

τn

)
xi(tk) +

t− tk
τndi(tk)

∑
j∈Ni(tk)

xj(tk).

(8)

At sampled-data instant t = tk+1, the rotation vector xi(t)

evolves according to the following equation,

xi(tk+1) =
1

di(tk)

∑
j∈Ni(tk)

xj(tk). (9)

Denote x(t) = [xT
1 (t), x

T
2 (t), · · · , xT

n (t)]
T . For t ∈

[tk, tk+1), the (8) can be rewritten into the following equa-

tion

x(t) =

[
(1− t− tk

τn
)⊗ I3

]
x(tk)+

[
t− tk
τn

Q(tk)⊗ I3

]
x(tk),

(10)

and for t = tk+1, the equation (9) has the following equiva-

lent form,

x(tk+1) = (Q(tk)⊗ I3)x(tk), (11)

where the average matrix Q(tk) = (qij(tk)) is defined as

qij(tk) =

⎧⎨⎩
1

di(tk)
, if (i, j) ∈ Etk

0, otherwise
. (12)

By (8) and (9), we see that the neighbor relations plays a

vital role for the evolution of the rotation vector of all agents,

while the neighbor relations are determined by the relative

position of the agents. By the constant control design for

vi(t), we obtain the following equation for the position of

the agents,

ṗi(t) = Ri(t)v0. (13)

3 Main Results

The purpose of this paper is to analyze the dynamical

behavior of the closed-loop system (8), (9) and (13), and

establish conditions for attitude synchronization of the rigid

bodies.

In the analysis of the attitude synchronization, what we

concern is the convergence of the maximum dissimilarity of

the attitudes δ(R(t)) = maxi�=j ‖ Ri(t) − Rj(t) ‖. How-

ever, as we mentioned in Section 2, the representation of the

rotation vector brings convenience for our analysis. We first

show that δ(R(t)) can be bounded by the maximum dissim-

ilarity of the rotation vectors.

Lemma 1 There exists a positive constant L such that

δ(R(t)) satisfies the following inequality,

δ(R(t)) ≤ Lδ(x(t)), ∀ t ≥ 0,

where δ(x(t)) = max1≤i,j≤n ‖ xi(t)− xj(t) ‖.

The proof of the above lemma is omitted due to space

limitations.

By Lemma 1, we see that for any two agents, the differ-

ence of the rotation matrices is bounded by the difference of

the rotation vectors which evolve according to equation (11).

Under the assumption that the change of the average matrix

Q(t) in comparison with Q(0) is not too much, we present

the following result for the evolution of the rotation vectors.

Lemma 2 [22] Let {G(tk), k ≥ 0} be the sequence of

neighbor graphs, with the corresponding normalized Lapla-

cian L(tk) and the average matrix Q(tk). If ‖ Q(tk) −
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Q(0) ‖≤ ε for some ε > 0, then for {x(tk)} recursively

defined by (11) we have

δ(x(tk+1)) ≤
√
2κ(λ̄(0) + κε)k ‖ x(0) ‖, k ≥ 0

where λ̄(0) is the spectral gap of G0, and κ =
√

dmax(0)
dmin(0)

.

By Lemma 2, we see that in order to analyze the atti-

tude synchronization of the rigid bodies, we need to estimate

some characteristics including the initial degree, the spectral

gap of the initial neighbor graph and ‖x(0)‖, and deal with

the difference of the average matrices ‖Q(tk)−Q(0))‖. The

later will be dealt with in the proof of Theorem 1. For the

estimation of the characteristics of the initial states, if we do

not put any assumption on the initial distribution of the a-

gents, then our analysis can only be proceeded from worst

case, and the results will be very conservative. In order to

overcome this issue, we introduce the following random as-

sumptions on the initial states of all agents.

Assumption 2 1) The positions of all rigid bodies at the ini-

tial time instant are mutually independent; 2) For all rigid

bodies, the initial positions are uniformly and independently

distributed(u.i.d.) in the unit cube [0, 1]3; The initial rotation

angles are u.i.d. in [0, π).

Under Assumption 2, we can obtain the estimation for

the characteristics of the initial states, which are presented

by the following lemma.

Lemma 3 [24]Assume that the neighborhood radius satis-

fies the condition 7

√
log3 n/n � rn � 1. Then under As-

sumption 2, the following results hold almost surely for large

n,

1) The number of agents in the set Ri is bounded by

Rmax = 8nπηnr
3
n(1 + o(1)).

2) The minimum and maximum degrees of the initial

neighbor graph satisfy dmin(0) =
nπr3n

6 (1 + o(1)) and

dmax(0) =
4nπr3n

3 (1 + o(1)).

3) The spectral gap of the initial neighbor graph satis-

fies λ̄(0) ≤ 1− r2n
1568

√
7π

(1 + o(1)).

Now, we are in a position to deal with the change of

average matrices ‖Q(tk) − Q(0)‖. By (12), we see that the

matrix Q(t) is defined via the position of the agents at time

t. Assume that the distance between any two agents i and j

satisfies ∣∣‖pij(tk)‖ − ‖pij(0)‖
∣∣ ≤ ηnrn, (14)

where ηn ∈ (0, 1) is a positive constant to be determined

later. If at the initial time instant the distance between i and

j satisfies ‖pij(0)‖ < (1 − ηn)rn, then by (14) we have

‖pij(tk)‖ < rn; Otherwise, if ‖pij(0)‖ > (1 − ηn)rn, then

‖pij(tk)‖ > rn. Hence, for the rigid body i, the change of

its neighbors during evolution is bounded by the following

set,

Ri = {j : (1− ηn)rn ≤ ‖pij(0)‖ ≤ (1 + ηn)rn}
Now, we present the conditions on the neighborhood

radius and the moving velocity to guarantee that the equation

(14) holds. It is clear that by (13), the position of the agents

is affected by the rotation matrix, and the rotation matrix

is determined by the rotation matrices of the corresponding

neighbors; while the neighbors are defined via the distance

between agents. We solve the coupled relationship by the

following theorem.

Theorem 1 If the neighborhood radius rn, the fixed linear

velocity υ0 and the dwell time τn satisfy the following con-

ditions:

7

√
log3 n

n
� rn � 1, ‖ υ0 ‖ τn ≤ 1

3136
√
7π

· ηnr
3
n

log n

where the parameter ηn is taken as ηn =
r2n

864·3136√14π
(1 +

o(1)). Then under Assumption 1 and Assumption 2, the sys-

tem (3) with the sampled-data control law (6) reaches atti-

tude synchronization almost surely for large n.

The proof of the above theorem is omitted due to space

limitations.

4 Concluding Remarks

In this paper, we investigated the attitude synchroniza-

tion problem of the moving rigid bodies in SE(3), where the

rigid bodies are connected via dynamical proximity network-

s. The dwell time was introduced when updating information

from neighbors. We designed the distributed control algo-

rithm for the angular velocity based on the local sampled-

data information from neighbors, and presented sufficien-

t conditions to guarantee attitude synchronization of rigid

bodies without assuming connectivity of neighbor graphs.

Many problems deserve to be further investigated, for exam-

ple, how to design the control law for the linear velocities

based on the relative position information from neighbors

and how to establish conditions for pose synchronization of

rigid bodies? If the agents can only receive the relative in-

formation from neighbors, then how do we design the dis-

tributed control law for agents to reach synchronization?
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