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Abstract: Coordination control of multiple rigid bodies attracts much attention of researchers due to its wide applications. This
paper presents the pose synchronization problem of the moving rigid bodies whose dynamics is described by the group SE(3).
The case of bidirectional neighbor graphs with switching interconnection topologies is considered. We design a distributed con-
trol law based on relative rotation matrices and relative positions between the neighboring rigid bodies, and show that the SE(3)
reaches pose synchronization if and only if the neighbor graphs are infinitely jointly connected, which relaxes the theoretical
results in the existing literature.
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1 Introduction

Coordination control of multi-agent systems has gener-

ated high interests in control and robotics areas, and many

efforts have been paid on it, see [1–4] among many others.

Most of the existing work about coordination control is in-

vestigated in Euclidean space. But many practical systems

such as underwater vehicles, satellites and UAVs evolve on

the non-Euclidean space, therefore more and more research

interests are paid on the motion coordination for agents mov-

ing in non-Euclidean manifolds, which is, in some ways, rel-

atively difficult to handle.

The motion of rigid bodies in three dimensional space

consists of two parts: rotation and translation. If only the

rotation of the rigid bodies is considered, without taking the

translation in the Euclidean space into account, then the ro-

tation matrices of rigid bodies can be described by the group

SO(3). Some results have been given on the attitude syn-

chronization of the SO(3). The multiple rigid bodies whose

dynamics is described by Euler-Lagrange equations were in-

vestigated in [5–7]. The kinematic models are used in [8–

10]. In [8], the authors considered the motion coordination

of the rigid bodies where the agents are interconnected by

fixed topologies. The attitude synchronization problem was

considered in [9, 10], and the authors show that the system
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reaches attitude synchronization, if the neighbor graphs are

uniformly jointly quasi-connected. A question is: if we take

both the rotation and translation of the rigid bodies into ac-

count, then under what conditions the system of multiple

rigid bodies reaches the pose synchronization?

In this paper, we consider the pose synchronization

problem of the moving rigid bodies where the dynamics in-

cluding both the rotation and translation of each rigid body

are described by the group SE(3). Some results have been

given for the pose synchronization of SE(3). For exam-

ple, in [11], the authors proposed a geometric controller

for quadrotor UAV. The pose synchronization problem of

SE(3) with undirected topologies is considered in [12]. In

[13, 14], the authors studied the pose synchronization prob-

lem of SE(3) based on the passivity-like property of the

kinematics where the neighbor graphs is directed but fixed.

The pose synchronization problem of SE(3) with switching

topologies is considered in [13], but some conditions on the

time interval of losing connectivity are required, which is

hard to be satisfied for practical situations. In order to re-

lax the limitations in the existing literature, we consider the

pose synchronization of SE(3) with switching interconnec-

tion topologies. We design the distributed control law using

relative rotations and relative positions with neighboring a-

gents, which results in the decoupled relations between posi-

tions and rotations of all rigid bodies. We show that the pose

synchronization of multiple rigid bodies can be achieved if
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and only if the neighbor graphs are infinitely jointly con-

nected. Our result relaxes the current conditions for pose

synchronization. Part of our analysis is based on the results

in [10].

The rest of this paper is organized as follows. In Sec-

tion 2, we present some preliminaries on SE(3) and graph

theory, and distributed control algorithm for pose synchro-

nization is proposed in this section. The main results are

given in Section 3. In Section 4, we provide numerical sim-

ulations. The concluding remarks is made in Section 5.

2 Problem Statement

2.1 Dynamics of the Rigid Body

Consider the system composed of n rigid bodies (or a-

gents) labeled 1, 2, · · · , n, all moving in the three dimen-

sional Euclidean space. Denote Σw and Σi(i ∈ {1, · · · , n})
as the world frame and the body-fixed frame, respectively,

which are all assumed to be right-handed and Cartesian. For

the rigid body i, we denote its position as pi ∈ R
3 in the

frame Σw, and use Ri ∈ R
3×3 to denote the rotation ma-

trix of the frame Σi relative to Σw. The group formed by

all rotation matrices is called SO(3), i.e., SO(3) = {R ∈
R

3×3 : RRT = I, det(R) = 1}. The pair composed

of the position and the rotation matrix (pi, Ri) defines the

configuration of the rigid body on the Lie group SE(3),

which is actually the product space of R3 with SO(3), i.e.,

SE(3) = {(p,R) : p ∈ R
3, R ∈ SO(3)}. An alternative to

(pi, Ri) is the following 4× 4 matrix

gi =

[
Ri pi

0 1

]
.

We introduce V b
i = (υi, ωi) to denote the velocity of

the rigid body i which actually represents the motion of the

frame Σi relative to the world frame Σw, where υi ∈ R
3

and ωi ∈ R
3 are the linear and angular velocities of the rigid

body i in Σw, respectively. Correspondingly, the velocity V b
i

can be equivalently represented by the following matrix

V̂ b
i =

[
ω̂i υi

0 0

]
,

where the notation ω̂i denotes the skew symmetric matrix

generated by the vector ωi = [ωi1, ωi2, ωi3]
′ ∈ R

3, i.e.,⎡⎢⎢⎣
ω1

ω2

ω3

⎤⎥⎥⎦
̂
=

⎡⎢⎢⎣
0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎤⎥⎥⎦ .

The notation ”∨” denotes the inverse operator of ”∧”.

The motion of the rigid body i (i = 1, 2 · · · , n) can be

represented by the following kinematic model :

ġi = giV̂
b
i , (1)

or, equivalently⎧⎨⎩ Ṙi = Riω̂i

ṗi = Riυi
i ∈ {1, · · · , n}.

More details on the motion of the rigid bodies in SE(3) can

be found in [15].

2.2 Graph Topologies

Graphs or networks are often used to describe the re-

lationship between agents. A graph G is composed of the

vertex set V = {1, · · · , n} and edge set E ⊂ V × V . An

edge (i, j) ∈ E means that the agent i is one of the neigh-

bors of j. Denote Ni as the neighbor set of the agent i, then

Ni = {j : (j, i) ∈ E}. A path in the graph G connecting

a pair of different nodes i and j is a set of nodes denoted

by i = i0, i1, i2, · · · , il = j such that the consecutive nodes

are connected. A graph is called connected if for any two a-

gents, there is a path connecting them. The adjacency matrix

A = [aij ]n×n of the graph G is defined as: aij > 0 if and

only if (j, i) ∈ E . The graph G is undirected if (i, j) ∈ E
means that (j, i) ∈ E , otherwise, it is called directed graph

(digraph). The graph G is bidirectional if it is undirected but

aij and aji could have different values.

Note that the neighbor relations may change with time.

Thus, we use a time-varying graph sequence Gσ(t) =

(V , Eσ(t)) to describe the dynamical relations of neighbors,

where σ : [0,+∞) → Q is a right continuous piecewise

constant function, with Q denoting the set of all possible

topologies over V . We introduce a constant τD > 0 to

represent the lower bound for the dwell time between t-

wo consecutive switching times of neighbor graphs, i.e.,

infk≥0 |τk+1 − τk| ≥ τD where τ0, τ1, τ2, · · · denote the

time instants at which the neighbor graphs change. The u-

nion of graph sequence Gσ(t) in time interval [t1, t2) with

t1 < t2 ≤ +∞ is defined as G([t1, t2)) =
⋃

t∈[t1,t2)
G(t) =

(V ,⋃t∈[t1,t2)
Eσ(t)). A graph sequence Gσ(t) is said to be

uniformly jointly connected if there exists a constant T > 0

such that the union graph G([t, t + T )) is connected for any

t ≥ 0, and it is called to be infinitely jointly connected if for

all t ≥ 0, the union graph G([t,+∞)) is connected.

2.3 Distributed Control Algorithm

For the rigid body i(i ∈ V), it can only receive the rel-

ative rotations Rij and relative positions pij with j ∈ Ni(t)
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at time t, where Rij = RT
i Rj ∈ SO(3) denotes the relative

rotation of Σj in the frame Σi, and pij = R−1
i (pj−pi) ∈ R

3

denotes the relative position of body j to body i. We use the

following distributed control law based on relative rotations

and positions

V b
i =

∑
j∈Ni(t)

aij(t)

[
pij

(logRij)
∨

]
, (2)

i.e., {
υi =

∑
j∈Ni(t)

aij(t)R
−1
i (pj − pi),

ωi =
∑

j∈Ni(t)
aij(t)xij ,

.

where xij = (logRij)
∨

denotes the axis-angle representa-

tion of the relative rotation Rij . Substituting (2) into (1), we

can obtain the following closed-loop dynamics of the rigid

body i,

Ṙi = Ri

∑
j∈Ni(t)

aij(t)x̂ij , (3)

ṗi =
∑

j∈Ni(t)

aij(t)(pj − pi). (4)

The purpose of this paper is to establish sufficient con-

ditions to guarantee the pose synchronization for the system

(3) and (4) in a sense that for any i and j

gi − gj → O4×4, as t → ∞,

or ⎧⎨⎩Ri −Rj → O3×3

pi − pj → O3×1

as t → ∞.

In this paper, we consider the case where the neighbor

relations are independent of the rigid bodies’ states Ri and

pi. It is clear that from (3) and (4), the dynamics of rotations

does not depend on the positions , and vice versa. Thus we

can investigate the convergence problem of the rotations and

positions separately.

3 Main Results

For the case where the neighbor graphs are directed,

Thunberg et al. in [9, 10] considered the attitude synchro-

nization of SO(3) for the subsystem (3), and showed that

if the neighbor graphs are uniformly jointly quis-connected,

then the attitude synchronization of SO(3) can be achieved.

While for the subsystem (4), Shi et al. in [16] give a simi-

lar sufficient condition for synchronization for the subsystem

(4). We can summarize them into the following theorem:

Theorem 3.1 If the graphs Gσ(t) are uniformly jointly

quasi-strongly connected, then the system (3) and (4) can

reach pose synchronization.

In this paper, we will relax the condition of uniformly

jointly quasi-strong connectivity of neighbor graphs used in

Theorem 3.1 to infinitely joint connectivity assumption. For

this purpose, we consider the case where the neighbor graphs

are bidirectional.

Remark 3.1 If the neighbor graphs are directed, from the

counterexample given in [17], we see that the infinitely joint

connectivity is not sufficient for the synchronization of the

system (4), thus we focus on the bidirectional case.

In order to prove the main results in this paper, we first

introduce several lemmas.

Introduce a function

V (R) = max
i�=j

Vij(R), Vij(R) =
1

2
d2(Ri, Rj)

where d(Ri, Rj) is the Riemannian distance for Ri, Rj ∈
SO(3) and Riemannian distance is the distance matric on

SO(3). The function V plays a key role for the pose syn-

chronization of SE(3), and we will provide some nice prop-

erties of V .

Denote the synchronization manifold of the rotation as

SR = {R ∈ SO(3)n : R1 = R2 = . . . = Rn}. Obviously,

the points in SR are equilibrium of the system (3). If rotation

matrices of all rigid bodies approach to the manifold SR as

t tends to infinity, then the attitude of the system (3) reaches

synchronization.

Define ΩA = {R ∈ SO(3)n : ∃Q ∈ SO(3) s.t. Ri ∈
Bπ/2(Q), ∀i ∈ V}, the following lemma discusses the prop-

erty of the solution of (3) starting from ΩA and show the

uniform stability of the manifold SR.

Lemma 3.1 The following results for the closed-loop sys-

tem (3) hold: i) For all t0 ≥ 0 and R0 ∈ ΩA, the sys-

tem (3) has a unique solution ϕ(t; t0, R
0) which is contin-

uous and piecewise differentiable on time interval [t0,∞)

and continuously depends on the initial conditions t0, R0. ii)

V (ϕ(t; t0, R
0)) is monotonically decreasing. iii)The Mani-

fold SR is uniformly stable.

We refer the reader to [10] for the proof of the above

lemma.

If the graph sequence Gσ(t) is infinitely jointly con-

nected, then the graph G([t1,+∞)) is connected for any

t1. Thus, for a node i ∈ V , there exist a time instan-

t such that i has at least one neighbor for t ≥ t1, and

we denote the first time as t̃1, and denote the neighbor set

of i at t̃1 as V1. As the time goes on, the graph G([t̃1 +
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τD,+∞)) is connected, we denote the first time when

there is an edge between j ∈ {i}⋃V1 and V\({i}⋃V1)

for t ≥ t̃1 + τD as t̃2, and denote V2 = {k ∈ V :

there is a link between k and ({i}⋃V1) at t̃2}.

Similarly, we can define t̃3,V3, . . . , t̃s,Vs, such that V =

{i}⋃V1

⋃ · · ·⋃Vs. Denote T1 = t̃s − t1, then the graph

G([t1, t1 + T1)) is connected. Let t̄1 = t1 + T1, then

G([t̄1,+∞)) is connected. Repeating the above process, we

can obtain T2 such that G([t̄1, t̄1 + T2)) is connected. Simi-

larly, we can obtain a time sequence T3, . . . , Tn−1 such that

the corresponding graph sequence G([t1+T1+T2, t1+T1+

T2+T3)), . . . ,G([t1+T1+· · ·+Tn−2, t1+T1+· · ·+Tn−1))

are all connected.

Denote R(t) = ϕ(t; t0, R
0), t0 ≥ 0, R0 ∈ ΩA, R

0 /∈
SR. It is clear that α = V (R(t1)) > 0 for t1 ≥ t0. Define

Kα as

Kα(t) = {(i, j) : Vij(R(t)) = α}, t ≥ t1.

Lemma 3.2 If Gσ(t) is bidirectional and infinitely jointly

connected, then Kα(t) = ∅, ∀t ≥ t1 + T1 + · · ·+ Tn−1.

The proof of the above lemma is omitted due to space

limitations.

Lemma 3.3 Assume Gσ(t) is infinitely jointly connected, for

all R1 ∈ ΩA, if α := V (R1) > 0, then for all κ ∈ (0, τD),

there exists δα,κ > 0 such that V (ϕ(t2; t1, R
1)) ≤ α −

δα,κ, ∀t1 ≥ t0, where t2 = t1 + T1 + · · ·+ Tn−1 + κ.

Similar to [10], we use lemmas 3.1 and 3.2 to prove the

above lemma. Readers can find the detailed proof in [10].

We will give the main result for the pose synchroniza-

tion for system (3) and (4) for the case with bidirectional

graphs.

Theorem 3.2 The systems (3) and (4) reach pose synchro-

nization on the set ΩA if and only if the graph Gσ(t) is in-

finitely jointly connected.

Proof: For synchronization of the system (4), we refer

the readers to [16]. We first prove the sufficiency part for the

attitude synchronization of system (3).

Using Lemma 3.1, we see that V (R(t)) is monotonous-

ly decreasing, and by the fact that V (R(t)) ≥ 0, ∀t ∈
[t0,∞), we conclude that V (R(t)) has a limit denoted by

α ≥ 0 as t tends to infinity.

Now we will prove that α = 0 by contradiction. As-

sume that α > 0. Note that V (R(t)) is bounded, so is R(t).

From [18], R(t) has a nonempty positive limit set which is

denoted as L+ ⊂ ΩA. For R̄0 ∈ L+, there exists an increas-

ing time sequence {tk} such that tk → ∞, R(tk) → R̄0 as

k → ∞. Using the fact that V (R(t)) is continuous, we have

V (R̄0) = V ( lim
k→∞

R(tk)) = lim
k→∞

V (R(tk)) = α.

For any R̄0 ∈ L+, we consider the solution ϕ(t; t̄0, R̄
0)

of closed loop system (3), for t̄0 ≥ t0. Take κ ∈ (0, τD),

by lemma 3.3, it is seen that there exists a positive constant

δα,κ > 0 which does not depend to t̄0 such that for t̄0 ≥ t0

V (ϕ(t̄0 + T1 + · · ·+ Tn−1 + κ; t̄0, R̄0)) ≤ α− δα,κ.

Letting t̄0 = t1, then we have

V (ϕ(t̄0 + T1 + · · ·+ Tn−1 + κ; t1, R̄0)) ≤ α− δα,κ. (5)

For R̄0 ∈ L+, then for any ε > 0, there exists a time t1 ≥ t0

such that R(t1) lies in the ε− neighborhood of R̄0. Further-

more, by lemma 3.1, we see that R(t) continuously depends

on the initial conditions. Thus there exist a constant ε > 0

and a time t1 ≥ t0 such that

d(R(t1), R̄
0) ≤ ε, d(R(t2), ϕ(t2; t1, R̄

0)) ≤ δα,κ
4π

,

where t2 = t1 + T1 + · · ·+ Tn−1 + κ. Using the definition

for V (R) and Riemannian distance, we have

|V (R(t2))− V (ϕ(t2; t1, R̄
0))|

< 2π · d(R(t2), ϕ(t2; t1, R̄
0)) <

δα,κ
2

. (6)

Combining (5) with (6), we then obtain that

V (R(t2)) ≤ α− δα,κ
2

,

where δα,κ > 0. Thus, V (R(t2)) < α, which contradicts

with the fact that α is a lower bound of V (R(t)). We con-

clude that α = 0 and the rotation matrices will reach the

same.

We are now in a position to prove the necessity part of

the theorem. Assume that the graph sequence Gσ(t) is not

infinitely jointly connected, that is, there exists a time T0

such that G([T0,+∞)) is not connected. Then G([T0,+∞))

will include at least two connected components which will

be denoted by V1 and V2 respectively. Obviously, V1 and V2

are disjoint. Moreover, for any node i ∈ V1(resp., V2), its

neighbor set Ni in G([T0,+∞)) is a subset of V1(resp., V2).

Choose R1, R2 ∈ ΩA ⊂ SO(3) such that R1 = R2.

Let t0 = T0 and choose any initial rotation R(t0) such that

Ri(t0) =

⎧⎨⎩R1 if i ∈ V1

R2 if i ∈ V2

.
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Then, from (3), for all t ∈ [T0,+∞),

Ri(t) =

⎧⎨⎩R1 ∀ i ∈ V1

R2 ∀ i ∈ V2

,

which contradicts with the fact that the system (3) reaches

attitude synchronization. Thus, we can conclude that Gσ(t)

is infinitely jointly connected. We complete the proof of the

theorem. �

Remark 3.2 In practical situations, it is unreasonable to re-

quire that the position of all rigid bodies converge to a com-

mon value, since they will collide with each other. To avoid

such a situation, we follow the work of [13] to introduce a

virtual position qi := pi + di, di ∈ R
3 to replace the posi-

tion pi of the rigid body i. Thus, we have

gi =

[
Ri qi

0 1

]
, i ∈ {1, · · · , n}.

Following the analysis given in this paper, we can conclude

that the virtual positions of the rigid bodies reach synchro-

nization if the neighbor graphs is infinitely jointly connect-

ed. By the definition for virtual positions, we see that for

any two rigid bodies i and j, the relative positions between

them converge to di − dj , which implies that we can ob-

tain the desired relative positions by appropriately choosing

di, i ∈ {1, · · · , n}.

4 Numerical Simulation

We illustrate our results by a simulation example. Con-

sider the system composed of four rigid bodies {1, 2, 3, 4}.

Among all possible bidirectional graphs on the vertex set we

consider

Aa = {(1, 2), (1, 3)}
Ab = {(2, 4), (3, 4)}

and introduce a sequence of bidirectional graphs which con-

sists of the concatenation of finite sequences of the form

Bs(s ∈ N)

Bs = Aa, . . . ,Aa︸ ︷︷ ︸
2s

,Ab, . . . ,Ab︸ ︷︷ ︸
2s+1

.

Consider the sequence of communication graphs (N , E(t))
with t corresponding to the concatenation B1, B2, . . ., then

the graphs G(t) is infinitely jointly connected and hence sat-

isfy the condition of Theorem 3.2.

Fig.1 and 2 shows how the positions and rotation ma-

trices of these four agents evolves with time, where the ro-

tations are represented in the axis-angle representation as a

vector in R
3. In this simulation the initial rotations of the

bodies are randomly distributed in the geodesic ball Br(I)

with r = 1.5. It is clear that the rotations and positions con-

verge to same values asymptotically, that is, pose synchro-

nization can be achieved.

1.5
1

0.5
0

0.5

0.5

0

0.5

1
0.6

0.4

0.2

0

0.2

Fig. 1: The rotation matrices of four rigid bodies synchro-

nize to the same state as time t goes to infinity. Small squares

indicate the initial rotations of the bodies.

2
1.5

1
0.5

0
0.5

2

1

0

1
1

0.5

0

0.5

1

Fig. 2: The positions of four rigid bodies converge to a syn-

chronized position as time goes to infinity. In this simulation

the initial positions of the bodies are randomly distributed in

R
3. Small squares indicate the initial positions of the bodies.

5 Concluding Remarks

In this paper, we investigated the pose synchronization

problem for the moving rigid bodies in SE(3). We designed

the distributed control law for each rigid body based on the

relative rotations and relative positions from its neighbors,

which as a consequence makes the dynamics of the position-

s and rotations of all agents decoupled. We proved that the
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infinitely joint connectivity of neighbor graphs is a necessary

and sufficient condition for pose synchronization of the sys-

tem. Many problems deserve to be further investigated, for

example, if the neighbor relations depend on the positions of

the agents, that is, the position and rotation can not be de-

coupled by designing the control law, then how to analyze

such a system? If the rigid bodies can only receive the infor-

mation at discrete-time instants, then how do we design the

distributed sampled-data control laws?
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